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Beenenue OTpaHUYEHMSAM, KOTOpPBIE HaM MPUXOAUTCS Halarathb

Ha 3aKOHBI, 00paTHMBbIE IO BpEMEHH'', — TaKasi TOuKa

"HeobOpaTnMble TIPOLIECCHI CTOIb XKE PEANbHbI, KaK  3penus Bhickasana V. Tlpuroxuueiv [1] 1 oTHOCHTCS

1 00paTUMBbIE, ¥ HE COOTBETCTBYIOT JIONOJHUTENbHBIM KaK K KJIACCHYECKOM MEXaHHMKE, TaK U K KBaHTOBOM.
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B xmaccuyeckol cTaTUCTHUYECKOW MEXaHHMKE HeoOpa-
TUMOCTH TIPOSIBIIsieT ce0s B (opMe BTOpPOro Hayania
TEPMOJMHAMUKNA — 3aKOHA BO3PACTaHUS SHTPOIUU
3aMKHYTOH CHCTEeMBbI. I3 OIHOrO TOro 0OCTOSTEINHCT-
Ba, YTO KBAHTOBas MEXaHHKa SBISICTCI 00OOIICHHEM
KJIACCUYECKOH, MEePEXOIAIIUM MIPU COOTBETCTBYIOIIUX
YCIIOBUSIX B MOCJEAHION0, MOXXHO BUIETh, YTO U SBJIC-
HUS KBAaHTOBOM MEXaHHKH COJIEPIKAT HEOOPaTUMOCTh,
HE TOBOPS JIAXKE O TOM, YTO CYIIECTBYIOT HE0OpaTH-
MbIC KBAaHTOBBIC sBJIeHUS [1—3].

YpaBHEHUs, JeXKallMe B OCHOBE KaK Kiaccuye-
CKOM1, TaK ¥ KBAHTOBOM MEXaHWUKH, OOpaTHMBI BO Bpe-
MeHU. He BbI3bIBa€T COMHEHMS, BO-TIEPBBIX, YTO OHU
MPaBWJIBHO  OIUCBHIBAIOT ~ OOPAaTHMYIO  SBOIIOLHUIO
Ha0JII0JTAaEMBIX, BO-BTOPHIX, B CHJy BBIIOJHCHUS 3a-
KOHOB COXPaHEHHUs, OOYCIOBIICHHBIX CBOWCTBAMHU
CUMMETPHUH IPOCTPAHCTBA-BPEMEHHU, YTO OHH MpPHUME-
HUMBI TaKXe U K SBIICHUSAM, B KOTOPBIX Hapsy ¢ 00-
paTUMBIMH MPOLIECCAMU MPOTEKAIOT U MPOLECCHl He-
00paTHMEIE.

[Ipenmonoxus, 4To CHUCTEMa OIMUCHIBACTCS HEOO-
paTUMBIMH YpaBHEHUSIMU, TPYAHO OXHUAATh, YTO B
HEll MOTYT IPOTEKaTh OOpaTUMBIC MPOIECCHI, B ATOM
cllyyae BCE€ MpoLEecCch OyAyT HeoOpaTHMBIMH, W TIO-
STOMY ONUCAHUE CUCTEMbl TAKUMH YPAaBHEHUSMHU SIB-
JIIETCS JTOCTATOYHBIM YCIOBHEM HEOOpaTHMOM 3BO-
moruu. HecoMHEHHO Takke, YTO BO3MOXKHOCTH
OIMHCAHUS CUCTEMBI C TIOMOIIBI0 OOPAaTUMBIX YpaBHE-
HUI SIBISIETCS. HEOOXOMUMBIM YCIIOBHEM €¢ 00paTUMOit
sBomonuu. CodeTaHue OOpaTUMBIX U HEOOPaTUMBIX
MPOIIECCOB B OJHON (KBAHTOBOW WM KIIACCHYECKOMN)
CHUCTEME, B OCHOBE DBOIIOIUU KOTOPOU Jiexar odpa-
TUMBIC YPAaBHEHUS, U COCTABISET, MO-BUAUMOMY, CY-
IIECTBO MpoOJeMbl HeoOpaTtumocTu. HerpymHo mo-
HATH TOXTOMY 3aMeyaHue B [4], 4TO SCHOCTH B
mpobiieMe HeOOPaTHMOCTH EIIle HET.

Pacmmpenne kitacca paccMaTpuBaeMbIX (pu3uye-
CKHUX CHCTEM IIyTeM BKIIIOUCHUS BIUSHUS HA CUCTEMY
BHEIIHEH Cpeibl IPUBOIUT TAKKE U K pACCMOTPEHUIO
OTKPHITBIX CHUCTEM C TOYKH 3PCHUS HEOOpPaTUMOCTH.
ScHo, uTo Hmaxke ciraboe B3aMMOIEHCTBUE C BHEIIHEN
cpenoil MOKEeT IPU HEKOTOPBIX YCIOBUSX MPUBECTH K
CYIIECTBEHHOMY HM3MEHEHUIO MOBEACHUS CUCTEMEI, B
YaCTHOCTH, K HEOOpaTUMBIM Ipoueccam [1—3].

JomycTuMBIM paccMaTpHUBAaEeTCsl TaKXKE€ U TaKOe
W3MEHEHHE CXEMBbl KBAaHTOBOM MEXAHUKH, KOTOPOE,
BKIItOYash HEOOpPaTUMOCTh, BJICUET CYIIECTBEHHOE
0000IICHHE €¢ MaTEeMaTHYECKOro armapara, HarpH-
Mep, TepexoJ] K OCHAIEHHOMY THJIBOEPTOBY MPO-
CTpaHCTBY [5], BKIIIOYEHHE MOJYTPYNI B KadyecTBE
MHOJKECTBA, OITMCHIBAIOIIECIO HEOOPAaTUMYH) COCTaB-
JISTFONIYIO BOJIIONUY HAOMI0IaeMbIX [ 1] uin BBeneHUE
B ypaBHenue lllpenunrepa KOMIUTIEKCHBIX WM HEMU-
HEWHBIX YJICHOB [2].

Opnnoit u3 HanOonee BBHIPA3UTEIBHBIX OCOOCHHO-
CTell KBaHTOBOM MEXAHUKH SIBIISICTCS HEKOMMYTaTHB-

HOCTb  ONEpaToOpoB, NPeoOpasyIOUIMX BOJIHOBYIO
(GYHKIUIO TPU 3BOJIOLMH KBAHTOBOW CHUCTEMBL. JTO
00CTOSITENBCTBO KAKMM-TO 00pa3oM MpOSIBIISIETCS U B
sBONTIONMHK HabmronaeMeix. [loaTomMy Hapsiay ¢ moaxo-
JaMH, TIEPeUUCICHHBIMU BBIIIE, TPEICTABISET TAKKe
WHTEpEC BBIACHUTH, CYLIECTBYET JIM CBS3b HEOOpATH-
MOCTH C HEKOMMYTaTUBHOCTBIO B KBAHTOBOI MEXaHHU-
K€, 4TO B CBOIO OYEpENb MPUBOJUT K BOIPOCY: SIBIIA-
erca M OOpaTUMOCTb YpaBHEHMH KBaHTOBOU
MEXaHUKH HE TOJIBKO HEOOXOOMMOM, HO U JOCTAaTOY-
HOW 11 OOpaTUMOM 3BONIOIIMHA KBAHTOBOW CHCTEMBI?
OTBeT Ha 3TOT BONPOC MO3BOJIIET PACCMOTPETH M
Jpyrod BOMPOC: BO3MOXHO JIM COCYILIECTBOBaHHE 00-
paTHUMBIX U HEOOpAaTHMBIX MPOLECCOB B (pU3HUECKOM
CHCTEME, ONHMCHIBAEMOH TOJIBKO OOpAaTHMBIMH YpaB-
HEHUSMU?

Ecnn cucrema HaOmomaeMbIX BETHYUH (HU3UUC-
CKOW CHCTEMBI TIOJIHA, a TaKKe MOJHBI TPeOOBaHUS K
uX TpaHc(HOPMALMOHHBIM CBOWCTBAM IIpH Mpeodpazo-
BaHUSX KOOPAMHAT, TO HaOMI0JaeMble BEIWYUHEI
YIIOBIETBOPSIOT BCEM HEOOXOIMMBIM 3aKOHAM COXpa-
HEHUS.

Teopembr Herep ycraHaBnuBalOT  B3aUMHO-
OJTHO3HAYHOE COOTBETCTBHE MEXAY 3aKOHaMH cOXpa-
HEHUs U TPYNIaMH CUMMETPUH, KOTOPHIM MOAYMHS-
I0TCSl TpeoOpa3oBaHusi HAOMIOAAEMBIX [6], a TOTOMY
TEOpHsl, ONHUCHIBAIOMIAs (PUINUECKYIO CUCTEMY, AOJIK-
Ha C MaTeMaTH4eCKOW TOUKU 3PEHUSl NPEICTaBIATH
co0oif mocienoBaTeIbHO TEOPETUKO-TPYIIIOBYIO TEO-
puto, copMynHpOBaHHYIO B TEpMUHAX MpeACTaBIIe-
HUI TPYNIl U yCTaHABIMBAIOIIYIO BCE KOIMYECTBEH-
HBIE CBS3M MEXIy HaOII0JaeMbIMHU, AOMYCKAIOLINE
3KCIIEPUMEHTAIBHYIO IIPOBEPKY.

OcHOBHBIMH OOBEKTaMH YpaBHEHHH KBaHTOBOH
MEXaHHUKH SIBIISIIOTCS BOJHOBBIC (DYHKLIWH, CIIHHOPEI,
aMIUIATY/IBI (B YaCTHOCTH, KBAaTEPHUOHHKIC [7]) mepe-
xoma. OHM JONYCKAalOT JIOKaJbHBIE KaduOpPOBOYHEIE
npeoOpa3oBanus [8] ¥ HE SBISIOTCS HAOIOJaCMBIMU
BEIMYMHAMH, HO CBSI3aHBI C HUMH W TO3BOJISIIOT TIO-
CTPOUTH UX B BUJIC OMITMHEHHBIX SPMHUTOBBIX (popm [9].
Ota cBA3b BMECTE C TEOPETHKO-TPYNIOBBIMU Tpebo-
BaHUSMH K HAOJMIOAaEMBIM MPUBOAUT K TOMY, YTO U
9TH OOBEKTHI TakKe 00513aHBI YAOBIETBOPATH HEKOTO-
PBIM TEOPETHKO-TPYNIIOBBIM TpeboBanusaM. Hampu-
Mep, B YaCTHOM clly4ae mpeoO0pa3oBaHHi TOBOPOTOB B
3D-npocTpaHCTBE TpymIe Mpeodpa3oBaHU BEKTOPOB
SO(3) cootBercTByeT rpynmna SU(2) npeobpa3oBaHuit
criuHopos [10].

B ocHoBe ¢eitHMaHOBCKOH (HOPMYITHPOBKU KBaH-
TOBOW MEXaHUKH JISKUT BHIPAKECHUE

P = %(pcb(pba s (1 )

rIe @7 — aMIUIUTyAa IEepexXofa U3 HaydalbHOIO CO-
cTOsTHUS [ B KoHeuHoe f [11].
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Bripaxkenne (1) comepxut nBe OMHaApHBIE Orepa-
MU Ha MHOXECTBE aMIUIUTYA (IIPOMaraTopoB): yM-
HOXXEHHE Ha TIOCIIENOBATENbHBIX OTpE3Kax BPEMEHU
WIH MyTH B CUIY MX MapKOBCKHUX (MYJbTHILIMKATHB-
HBIX) CBOICTB M CIIOKCHHE ANbTEPHATHBHBIX aMILIU-
Ty (IpomaraTopoB) COTJIACHO MPUHIMITY CYIIEPIO3H-
uuu [11, 12].

['pynma, B COOTBETCTBUU C ONpEAENEHUEM, SBIIA-
ercs MOHOUIOM [13], T. €. MHOXKECTBOM C OJHOW OH-
HapHOU omepanueli, modToMy (eliHManoBcKas ¢Gop-
MYJIMpPOBKAa KBAaHTOBOW MEXaHUKH, COUETAromas IBe
olepaluy Ha MHOXKECTBE aMIUTUTY (TpoIaraTopos),
a TaKkKe rei3eHOeproBckas W LIPEIUHIEePOBCKAsl, KO-
TOpBIE B HACTOSIIECE BPEMS CUMTAIOTCSA € JKBUBA-
JICHTHBIMH, COZIEPXHUT OTKa3 OT MOCTPOCHHS KBAaHTO-
BO MEXaHWKH KaK IIOCIEeOBATENIFHO TEOPETUKO-
IPYNIIOBOH TEOPUH.

[lonnast cucremMa HaOMIOJaEMBIX 3HAYEHUH B 3a7a-
YaxX KBaHTOBOW MEXaHUKH, ONMUCHIBAEMBIX ypaBHEHU-
em Ulpenunrepa c¢ NeWCTBUTENBHBIM MOTCHIIUATIOM,
onpeneneHHas B [14, 15], u cymiecTrBoBaHHE KOMMY-
TaTUBHOM OWHApHOW KOMIIO3MLIMM Ha HealeneBbIX
rpymnax Jlu, ycranosiaenHoi B [15—17], BMecTe ¢
WCTIOJIb30BaHUEM MYJIBTHILUIMKATHBHOIO HMHTErpaja
MO MYTSM IMO3BOJISIOT MOCTPOUTH MOJIHYIO aMILTUTYILY
nepexojia, YUUTHIBAIOILYIO U TOCIeJ0BaTENbHBIE Y-
TH, U TIyTH JNbTEPHATUBHBIE HA OCHOBE TOJIBKO OJXHOU
OuHapHOW omepaluu, YTO, B CBOIO OYEpEdb, CO3AACT
YCIOBHSL ISl TIOCIIENOBATENbHO TEOPETHUKO-TPYIIIO-
BOT'O TIOCTPOCHUS KBAHTOBOH MEXaHUKHU.

[IpuHATO cuMTaTh, 4YTO TOCKONBKY YpaBHEHHS
KBaHTOBOW MEXaHUKHU (B YACTHOCTH, HECTAIHOHAPHOE
ypaBHeHue lllpenuHrepa) nHBapHaHTHBI OTHOCUTENb-
HO OOpalIeHus] BpeMeHU (BMECTE C IMEPEX00M K KOM-
TUIEKCHO-CONpsDKEHHOMY pemennio) [18], To B kBaH-
TOBOM MEXaHUKE, KaK U B KJIACCHUECKOI, IMEET MECTO
obpatuMocTb. KakIplii 3JIeMEHT TPYMIBI, COTJIAcHO
ompeneneHnio, obnagaer oOpaTHBIM DIIEMEHTOM, IO-
9TOMY CJHEeAyeT OXHAATh, YTO TEOPETHKO-TPYIIIOBOE
OolMcaHue M O0paTHUMOCTb OCHOBHBIX YpaBHEHHI
KBaHTOBOW MEXaHWKH CBS3aHBl MEKOy coOoil. B To
K€ BpeMsl Tpylma sBISIETCS MHOXKECTBOM C OAHOU
onepamuen. TpyaHO 0XKHIATh MOITOMY, YTO ITOCTPOE-
HUE KBAaHTOBOM MEXaHHWKH Ha MHOXKECTBAX C JIBYMS
unu Oornee onepauusMu (HarmpuMmep, Ha anredpax) He
MOJKET NMPUBECTH K HApYIIEHHIO, COINIACHO TeopeMaM
Herep, TpancdopMaliMoHHBIX CBOMCTB HAOIIOAaEMBIX
W/WMM 3aKOHOB COXpaHEHUs, a IOTOMY OIHMCAaHHE
KBaHTOBO-MEXAaHMUECKUX SBICHUH Ha MHOXECTBaxX C
OJHOH omepanueil mpeacTaBIsercss He0OXOAUMBIM.

Bo3moxHBIM moaxon K mpobdiemMe MHUKpOHeoOpa-
TUMOCTH MOYET COCTOSITh B CIEIYIOIIEM.

[lonnas cucrema HaOMIONAaeMbIX 3HaYEHWH, OIU-
ceiBaeMbIX ypaBHeHHeM Lllpenunrepa ¢ neiicTBUTENb-
HBIM TOTEHLUANIOM, 00pa3yeT SpPMHUTOBY MaTpHILY,
AQHAJIOTHYHYIO MAaTpHLE IUIOTHOCTU YUCTBIX COCTOS-

HUW ¥ UMEIOIIYIO PABHEIN HYJIO ONMPE/ENUTENb, TIPH-
YeM IOCNEIHEE OOCTOSTEILCTBO HMEET CMEICH JIO-
KaJlbHOTO YCJIOBHS TOJHOTHI HAOIIONAeMbIX U HeE
3aBHCHT OT TOT'O, YAOBJIETBOPSIOT BOJTHOBBIC (DYHKITUU
U UX TPAJUEHTHI (MM KOMIIOHEHTHI CTUHOpPA), U3 KO-
TOPBIX TIOCTPOCHBI OWIMHEHHBIC 3PMHUTOBHI (POPMBI,
ypaBHeHuto Illpennnrepa nnm Her [19]. Ecnu perme-
HUE yAOBIETBOpseT ypaBHeHuto IlpemunHrepa, To K
YIIOMSIHYTOM BBIIIE MaTPUIlE BO3HUKAIOT JIOMOTHHU-
TEbHBIE TPEeOOBaHUS, OTBEUAIOUINE BBHIMOIHEHUIO
COOTBETCTBYIOIINX 3aKOHOB COXPAaHCHUSL.

Tor daxT, 4YTO 3TH IPMUTOBEI MATPHIIBI, MATPUY-
HBIC DJIEMEHTBI KOTOPBIX SIBIISIOTCS JIMHCHHBIMU KOM-
OnHaMsIMU HAaOJFOIaeMBIX, KOTOPBIE MOTYT OBITH W3-
MEpPEHBI, WMEIOT PaBHBIH HYJIIO OMPEACTUTENh, a
MOTOMY JUIsl HUX HE CYIIECTBYET OOpaTHBIX MATPHIIL,
MO3BOJISIET TMPEANOIOKHUTh, YTO MaTeMaTUYeCKOS
OIMCaHWEe MHUKPOHEOOPaTUMOCTH B CBOEH OCHOBE
JIOJDKHO COZIEPIKaTh MATPUIIBI TUIOTHOCTH YHCTHIX CO-
CTOSIHUM.

EnvHCTBEHHBIM, HO BECbMa CHUJIBHBIM YKa3aHUEM
Ha MHUKPOHEOOPATUMOCTh SIBJISIOTCS TPOSIBIITFOIINECS
B 3KCIIEPUMEHTaX CBOWCTBA HAOJIOAAEMbIX BEITUYHH.
EcTrecTBEeHHBIM MO3TOMY KaXKETCSl TPEANOIOKCHUE,
YTO W ONpeeNieHUe MOHITUS MUKPOHEOOPaTHMOCTH,
KaK U 00paTHMOCTH, JOJKHO OBITH C(HOPMYITHPOBAHO
B TEPMHUHAX TOJHKO HAOIIOAEMBIX BEITUYHH.

W3noxkeHHOE MO3BOJISIET CHENATh MPEAIIONIOKEHUE
0 BO3MOXXHOCTH BKJIFOYCHUS MHKPOHEOOPATHMOCTH B
CXEMY HEPENSITUBUCTCKOW KBAaHTOBOW MEXaHUKH.

TeopeTuKo-rpynnoBoe ONMHUCAHUE KBAHTOBBIX SIB-
JICHW# B crity TeopeM Herep sBisieTcss HE0OOXOAMMBIM
JUISL BBHITIOJIHEHUS TPeOOBaHMI K TpaHCHOPMAIUOH-
HBIM CBOMCTBaM HAOIIOJAeMBIX U BEIITOIHEHUS 3aKO-
HOB COXpaHEHHsI, OHO HE IPOTHBOPEYUT OOPaTUMOCTH
OCHOBHBIX YPaBHEHUH KBAaHTOBON MEXaHWKHU U MOXKET
paccMaTpuBaThCs KaK HEOOXOIUMOE yclioBHE 00pa-
THMOCTH.

VYcnoBue MOTHOTHI HAOMIOIAEMBIX BEIIMYMH BBIPA-
JKaercs B BUJC PAaBEHCTBA HYJIO ONPEICITUTENS Mat-
pHUIBI TUIOTHOCTH YHCTBIX COCTOSIHHM, MaTpUYHBIC
3JIEMEHTBI KOTOPOH TPEACTaBISIOT COOOH JIMHEHHBIC
KOMOWHAIUU HaOmogaeMbiXx. OTHOBPEMEHHO 3TO yC-
JIOBUE TIPUBOAMUT K OTCYTCTBHIO MAaTPUI], OOPaTHBIX K
MaTpHIlaM TUIOTHOCTH. [l TOro 4toObl 3BOJIOIUS
CUCTEMEBI OblTa oOpaTHMa BO BpPeMEHH, HEoOXOauMa,
OYEBHUHO, HE TOJBKO OOpaTHMasi 3BOJFONHS BOJHO-
BBIX ()YHKIIMI WJIM CIHUHOPOB, HO W oOpaTuMas 3BO-
JIFOIUSL BCEX HAOMOAAaeMBbIX, T. €. MaTPHIIbI TUIOTHOCTH.
[MosTomy 3amaua ucclenOBaHUS MHKPOHEOOpATHMO-
CTH CBOJAUTCS K WCCICOBAHHIO YCIIOBUH 00OpaTUMO-
CTH BPEMECHHOU SBOIIIOIUY MATPHUITHI TUIOTHOCTH YHC-
TBIX COCTOSIHHM, HE UMEIOIIEeH 00paTHON MaTPHIIBL.

B ocHOBe mpeyiaraeMoro Hike Moaxona K MUK-
POHEOOPATHMOCTH JIGKHUT COTJIACOBAHUE TPYIIIOBBIX
CBOWCTB TIOJTHOH CHCTEMBI HAOIIOaeMbIX U Mpeodpa-
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30BaHUN COOTBGTCTBYIOH.ICI;’I MaTpunbl TJIOTHOCTHU
YHUCTBIX COCTOSHUMN IIpH 3BOJIIOIUHA KBaHTOBOM CHCTE-
MBI C TCOPCTUKO-TPYHNIIOBBIMU CBOMCTBaMH npeo6pa—
30BaHUU CIIMHOPOB, OIPCACIAIOINMUCA B HCPLCIIATU-
BUCTCKOH KBaHTOBOMU MCXAaHHUKE YpaBHCHUCM
Hlpe):[HHrepa Ipu yCJIOBUH BBIIIOJIHCHUSA COOTBCTCT-
BYIOIIUX CMY 3aKOHOB COXPAHCHMUA.

Hecranmonapnoe ypapaenne Illpequnrepa

[lyctp 4WacTuna OMHUCHIBAETCS HECTALMOHAPHBIM
ypaBHenueM llpenunrepa ¢ neHCTBUTENBHBIM, 3aBHUCS-
LIUM OT KOOpAMHAT U BpeMeHH, noreHuuaiom U (r, )

. 6\;/ hz 2
i = Ly U(r. ). 2
== Vv (r.6)y ()

[TycTsp Tarxke B Ha4aJbHBIM MOMEHT f) B TOUKE Iy
3aJaHbl BOJIHOBasA (YHKLHUS M €€ MPOCTPaHCTBEHHAS
MPOU3BOJHASA BJAOJIb HEKOTOPOTO HampaBieHHs Uy(To)
(up —neiicTBUTENBHBIN BeKTOP). C MOMOIIBIO 3aMEHBI
v (rot)=exp{—iEyt/n}y(r,t), tne Ey — oHeprus
YacTHUIIBI B Iy, fy, IEpEHIeM K ypaBHEHUIO

2moy (o2 g2
—175—{V +k (l’,t)}x, (3)

rae K (x,0)=(2m /1% J{Ey U (r.1)}.

Ot BonHOBOH (pyHKUIMHU ¥ (T, {) U ee rpaTueHTa Ie-
perimeM, momo6HO [14—16], K ABYM CKaJISIPHBIM
¢ynkuusam D(r, 1)

(O, +D_}, 4)

ik (r,t

Vx(r,t)z#{dh—d)}u(r). (%)

[Tockonbky BBEAEHBI IBE KOMILICKCHBIE (YHKIHH
®,, TO Ha NPOM3BOIBHBIA BEKTOP U(r), WMEIOLIHA,
cornacHo (4), (5) [14, 15], cMbIc HampaBICHUS TOKA,
JUHEHHOr0 MO TpaJueHTy BOJHOBOH (yHKIMH, B
TPEXMEPHOM MPOCTPAHCTBE, IOMYCTHMO HAJIOXKHUTh
HeKkoTopble TpeboBanus. [Ipumem, 4to

Vu(r)=0, wu’(r)=L (6)

13 (3)—(6) mst dpynkumit @', momydum cucremy
IBYX CBSI3aHHBIX YpaBHEHHMH (IITPUX O3HAYAET YacT-
HYIO IPOU3BOAHYIO 110 BPEMEHH )

VO, +%(c1>'+ +O u=

ik, + K s (@ o),
2% hk 2k

VD_ —h—";c(cp'+ +® Ju=

V ’
——ikud_+ K, —ﬂ-£(®+ +0_)u,
2k hk 2k
KOTOpBIE IIOCHE Iepexoja K equHunam 2m=ha=1 u
MaTpUYHON 3amucu ypaBHeHMH mist @ = cronben
|-, D_|| npuHUMAIOT BUT,

VO +—— (03 +ic, ) D' =
2k
' (7)
=1 ikuc +v—kc +l£(6 +ic, ) @
ok 2kok T
rae 6, — MaTpuiisl [laymm;
Co— €IMHHYHAs MaTpuIa 2x2.
3amerum, uyto OT (7), MpUHHUMAs BO BHUMaHHE
(3)—(6), BO3MOXKEH M OOpaTHEIN MEpexoa K ypaBHe-

nuto Ilpenunrepa (2). B cranuonapuom ciydae (7)
MepexoauT B ypaBHeHue [14, 15]

. Vi
VO = {zkuc3 +2—kcl}®, )

KoTopoe siBisercsi ypaBHeHueM lllpenunrepa B cnu-
HOPHOM TIPEJCTABIICHUH.

Uccnenyem rtpynmoBeie cBoicTBa pemenus (7),
npeacTaBuB  ero B (opme CD(r,t) =00 (ro,to),
rae ) — HeKoTopas MaTtpuua 2x2.

[MoncraBnss Beipaxkenue (8) B ypaBuenue (7), mis
MYJIBTUIUIMKATUBHOM mpou3Boauoi [20] ot O ¢ mud-
(epeHnraIbHBIM orepaTopoM u3 (7) momydum

{VQ+2lk(c3 +ic, ) Q’} 0 '=P, )
rae

’
P= {ikuc3 +v—kcl +1£(03 +i0, )}
2k 2k 2k
Martpuna P B (9) umeer cien, paBHBIH HyIIO, TO-
3ToMy O — YHUMOIYJSApHA.
[MpuarMas Bo BHMMaHUE, 4TO KOd((PHUIMEHT mpu
o3 B Marpule P sBnsercs KOMILIEKCHOM BETUYUHOM, a

TAKXXC BBIYUCIISAA KOMMYTATOP [Pi’ Pf] B IIPOU3BOJIb-

HBIX TOYKaX (rl-,tl-) u (rf,t f) (oTKyna ciemyer, 9To B

KoMMyTaTope KOd()(ULIHEHTH NMPH G; U Gy TaKKe
KOMIIJIEKCHBI), TMPUXOAMM K 3aKJIIOYEHHIO, YTO MaT-
puna (), ompenensiomas pemenne ypasHeHus (7),
npuHaanexut rpymme SL(2,C), oHa MOXeT ObITh BBI-
pakeHa B popme Q = exp{(GC} C 3aBUCSILIIM OT I' H ¢
BEKTOPOM (| C KOMIUIEKCHBIMU KOMITOHEHTAMH.
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Hao0u101aeMble ¥ 3aKOHBI COXPAHEHUS . a O,
J=CD+®CD=HCD+,CIL ®| =
Paccmotpum, crnenys nansbsiM pabort [14, 15], de- D_
TBIPE 3PMHUTOBEI PopMEI j, s =0, 1, 2, 3: * * . .. (13)
Peop bopwt/ @@, D@ 1o+ 3 Ji i
Jo =kxx*+(Vx)(Vx*)/k; OO | 2|n+iy Jo—Js

jo = x(Vx*)+x* (Vx);
=t (V) (V)

s =i(x(V2") -2 (V)

(10)

B (10) jo uj; — ckamnsipHbIe, j, U j3 — BEKTOPHBIC
HaOo1aeMble, TMHEHHYI0 KOMOMHAIMIO p = yy* =
= (jo + j1)/(2k) Ha3pIBalOT OOBIYHO IJIOTHOCTHIO BEPO-
ATHOCTH, j, = Vp. B ornnume ot [14, 15] BenuuuHsI j,

CoJIepXaT 3aBUCUMOCTb OT BPEMEHH.
Yersipe BenuuuHbl j; B (10) UMEOT pa3sMepHOCTb
TOKa, OHU YAOBJIETBOPSAIOT TOXKIECTBY

(11)

KOTOPOE BBIMOJHACTCS Ui JTHOOBIX (T,f) HE3aBUCUMO
oT Toro, seisiercs y(r,f) pemenueMm (3) i Her. [o-
3TOMY, B yacTHOCTH, (11) MMeeT MecTo U B HAYaILHOMH
(ro,tp) ¥ B KOHEUHOH (I,!) TOUKaX.

3aMeTHM, 4TO BEUYMHBI j; aHAIIOTHYHBI TTapameT-
pam Crokca.

3amaHHbIE B T,f) YCIOBHS 3alIUIIEM B BUJC

2 I )
Jo=J tJ2tJ3,

% (x9.19) = aexp(ib);

12

ug -V (ry.10) = ko -cexp(id). (12

3necy ky = k(ro,to),a,b,c,d — 4YeThIpe JeHCTBU-

TenbHBIX mapamerpa. [Ipu sTom, cornacuo (10) u (12),

ToxkaecTBO (11) Takxke BBIMOIHSIETCS, OTKyJa CIEAy-
€T, YTO U3 YETHIPEX TOKOB j; JUIIb TPU HE3ABUCHUMBI.

Awmmuutyzael BennuuH ji U3 (10) Morytr ObITH BBI-
pakeHbl Yepe3 CKasIpHble KOMILJIEKCHBIE (YHKIMH
®, :j, =D o, [14, 15]. Ouu TaKKe yHOBIETBOPS-
ot ToxknaectBy (11). Herpyano mokazate [14], uTo
IpH MpeoOpa3oBaHMUSIX MOBOPOTOB BEKTOPHBIE BEJH-
guHbl U3 (10) mpeoOpasyrorcs Ha rpynmne SO(3), uMm
OTBEYAIOT Mpeodpa3zoBaHus BenuunHbl @ = cronbern
|Ds, @] Ha rpynme SU(2), coxpaHsiomue, B CHUITY
YHUTApPHOCTH NPeo0pa3oBaHuii, BETHUUHY jo, IO3TOMY
@ sgBISETCS CIIMHOPOM.

U3 cniunopa @ U 3pMHUTOBO COIPSKEHHOTo 00pa-
3yeM, B COOTBETCTBHHM C OIpeneleHHEeM MpsSMOro
TIPOM3BEIEHUS, SPMUTOBY MaTpuily J = @ @ @, mar-
PHYHBIC IEMEHTHI KOTOPOH BBIPAXKAIOTCS Yepe3 TOKU
Jsu3 (10) B Bume [19]

Ee onpenenuTens paBeH HYIIO, OHA yIOBIETBOPS-
er ycnoBuwo J 2 = joJ, KOTOpoe MpH yCIOBUH HOPMH-
POBKH jo = 1 coBmajmaer ¢ ONpEdeleHuEM HJEMIIO-
TEHTHOW MAaTpHLbI, U MOTOMY J aHaJOrMYHA MaTpHLE
IJIOTHOCTH YUCTBIX COCTOSTHHM.

Ucnonssys ToxkaectBo O @ P = (1/2)2?10 (o
3
x(CI)+G‘vCI))=(1/2) 2. 0,.j,, a Takke ypaBHenue (7)
s=0

U 3PMUTOBO COIPSDKEHHOE, ITOIIYYUM CBSA3H I TO-
KOB j:

Vjo+ o 3 o (@7 0,0 - 0 o)D) =

2k 2k (14)
—V_k 3 +1E 1.
PEELPYAPELE
Vi = Ji =i (@7 0,0 - 0oy =
2k 2k (1)
_VE s LK
A Jo 17, % kJ3’
u
Vjy +i—x
ARy
x{®" (0g+0,) 0 0" (5p +0,) 0} = (16)
=—2kujy;
oo, ., N uwk,. .
Vis+—(jo+ 1) ==——0jo+j)- (A7)

2k 2k k

B craumonapuom ciydae u3 (14)—(17) cnenyror
CBSI3U MEXIy TOKAMHU

Vk
LY
Jo A J1

Vi (18)
Vi ZTJO +2kujy, Vj, =-2kuj;, Vj; =0,

K KOTOPBIM IIPUBOIUT ypaBHEHUE (8).
Juddepenmupys Toxnecto (11) mo koopauna-
TaM U BPEMEHH, MOXHO IOKa3aTh, YTO MOJCTAHOBKA
cBszeir (14)—(17) Takke NPUBOOUT K TOXKIECTBY
(18), moatomy (11) u (14)—(17) npencraBiastoT coOoit
MOJHYIO CHCTEMY CBsi3ell MeXAy HaOIonaeMbIMH
(10), mocTpoeHHBIMHU U3 pemieHnit ypaBHeHu (7).
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[lpuauMas BO BHUMaHHe, 4To p = Y)x* =
= (jo + j1)/(2k), u3 (17) c yaerom (18) momyuum ypas-
HEHUE HEeTPEPHIBHOCTH B BUJIE

. op
Vj;+u—=0. 19
J3 o (19)
Cymma (14) wu (15) npuBOomMT K CBS3H
. . Vk . ) )
V(Jo +J1) =7(Jo + Ji )+ 2kuj,, mOITOMY
Vp=ju (20)

Obpamaer Ha cebss BHUMaHKE TOT (DaKT, UTO MOCIIE
paccMoTpeHus ypaBHeHHs HerpepbiBHOCTH (19) ¢dop-
Mmyna (20) He coaep>KUT MPOW3BOIHBIX IO BPEMEHH,
no3TOMYy cBsi3b (20) mMeeT Takymo xe GopMmy, KaKk U B
CTallMOHAPHOM CJIy4yae, ¢ TeM OIHAKO OTIMYHEM, YTO
B (20) Bpems coepKUTCS B KauecTBE MapaMeTpa.

IBOJIIOIHSA HA0JIIOaeMBIX

[TycTs B MOMEHT BpeMEHH #, I/ KBaHTOBOW CHUC-
TeMbI, ONMUChIBaeMoil ypaBHeHueMm Llpenunrepa, 3a-
JaHa TMonHas cucreMa HaOmomaeMbix. JluHeiiHbIe
KOMOMHAIMU HaONMIonaeMbIX — OWIMHEHHBIX SpMU-
TOBBIX ()OPM — 00pa3yroT S3pMHUTOBY MATpPHILy ILJIOT-
HOCTH YUCTBIX cOCTOsIHUH (13) ¢ paBHBIM HYIIO Ompe-
JETUTENeM, a IPU 3BOJIIOLUUH KBAHTOBOW CHCTEMBI OT
fo K t Habmogaemble 00pa3yIOT MOCIIEAOBATENbHOCTD
SPMUTOBBIX MAaTPHIL TUIOTHOCTH YHWCTBIX COCTOSHHM
J(2p)...(¢) ¢ Tem ke (paBHBIM HYJIO) OMPEIETUTEIEM.

TpeboBaHue BBHIIOTHEHUS! 3aKOHOB COXpaHEHUS,
ompenensieMblx ypaBHenuem lllpenunrepa, Hamaraer
HEKOTOpPBIE YCIOBHS Ha MaTPUYHBIE SIIEMEHTHI IOcJe-
JOBATENHHOCTH, KOTOPBIE MOTYT OBITH CQPOPMYIHUPO-
BaHbl B anreOpanveckod wim Iu¢¢epeHnnaIbHOn
dopme.

B coorBercTBHM € H3NOKEHHBIM BO BBemeHun
9BOJIONHSA CHCTEMBI 00paTHMa, €ClId MPH OOpaIleHUH
BpPEMEHH, T. €. TP IBOJIIOLUHN CUCTEMBI OT ¢ K fo, MaT-
pHIa TIOTHOCTH YMCTBIX COCTOSHHM J (MM, YTO TO
K€ caMoe, — Bce HabrofaeMble 3BONIOLUOHUPYIO-
1Iel CUCTEMBI) IPOXOIUT B 00OpaTHOM MOPSIKE Ty Ke
MOCIIEAOBATENBHOCTD, UTO U B IpsAMOM Tiporecce [21].
OueBUAHO, YTO MPHU OOPATUMOM IBOJIOLHHU OT f K fo
00s13aHBI BBINIONHATHCSI T€ YK€ CaMble, OMPEACISIO-
muecst (oOpatumeiM) ypaBHenueMm llpenunrepa, 3a-
KOHBI COXPAaHEHHS, YTO U MIPH BOIIOLHUH OT #) K 1.

HeoOxomumbIM ycnoBueM oOpaTUMOH 3BOIIOLUH
(TTOCKONBKY CaM¥ MaTpHIlbl J HE MUMEIOT OOpaTHBIX)
ABIISIETCSl CYIIECTBOBAHUE TAKOro MNpeoOpa3oBaHUs
MaTpHULBl TUIOTHOCTH YHUCTBIX COCTOSIHHH, KOTOpOE
OCYIIECTBIISIET B3aMMHO-OIHO3HAYHYIO U 00paTUMYIO
UX CBSI3b [T MPOM3BOJIBLHBIX MOMEHTOB BPEMEHH #; U
t, U3 MOCIENOBATENBHOCTH ty...t1...t5...t TIDU YCIIOBUU
BBITMIOJTHEHUSI HEOOXOAWMBIX 3aKOHOB COXPaHEHHS.

B nportuBHOM ciydae, KOrJa Takoro npeoopa3oBaHUs
HE CYyHIECTBYET U IMOTOMY MAaTpHIbl IUIOTHOCTH pa3-
HBIX COCTOSIHUH B3aMMHO-OIHO3HAYHO U 00paTHMO He
CBSI3aHBI, 0OPaTHMOCTH CYILLIECTBOBATh HEe MOkeT. [Ipu
9TOM HE TpeAroyaraercs 00s3aTelbHBIM CYIECTBO-
BaHHE KaKOro-TMOO HEMOCPEACTBEHHOIO (MaTpUYHO-
ro) npeobpazoBanus J(¢) B J(1,).

[Ipenmonoxum, 4To MpH IBONIOLUU CUCTEMBI OT £
K f, KOTJa NpPOU3BOJBHOMY MOMEHTY BpPEMEHHU
BHYTPH 3TOTr0 HHTEPBAJIa COOTBETCTBYET crinHOp D()
Y MaTpHLA IUIOTHOCTH J(?), @ IPOU3BOJIILHOMY TOCTIE-
IOYIOIIEMY MOMEHTY BPEMEHH £, COOTBETCTBYIOT D(7;)
u J(t;), cnuHOpEI cBs3aHbl MaTpuued (4, f) u3
rpynnsl SL(2,C): d(t,) = O(t, t)D().

Martpunsl J(¢) u J(t,) 3anunieM B BUIC

3
J(1) =%vzocs [ (1), ()}; @1)
1
J(a)=5 oo (22)

~— N

(" (1) 0 (t2,1)0,0(12.1 ) 0 (1)}

[TycTs 5BOMIOIUS CHCTEMBI IOJHOCTHIO OIMHUCHI-
BaeTcs TOJILKO OJHOW MOCIIEIOBATEIBHOCTHIO MAaTPHIL
(B obmeM ciydyae — HEKOMMYTaTHBHBIX) ((fo, to)...
...0(t, t)...0(6, t)...0(t, ty), TpeoOpa3yoNMX CIIH-
HOp, U COOTBETCTBYIOIIEH el MOCIeA0BaTEIbHOCTHIO
Matpunl TwiotTHoctH J(f)...J(t))...J(t;)...J(f) cormacHO
(21) u (22). OT0O MOXET UMETb MECTO, HAIpUMep, B
cily4yae, KOrJa B MBICIIEHHOM SKCIEPUMEHTE C IBYMS
OECKOHEYHO MaJIbIMU LIENSIMHU, PACIONOKEHHBIMH Ha
rpaHune pasgena cpen [14, 15, 19, 22], orkpsita
TOJBKO OJHA W3 ILEJNel, WM B TOM cilydae, KOoraa
9BOJIONHA TOJHOCTBIO OIMpPENeNsieTcss eIUHCTBEHHOU
CTallMOHAPHOW, YAOBJICTBOPSIONMICH MPUHLUIY Hau-
MEHBILIEro AEHCTBUSA, TpaekTopuen. [lociaenHsas orse-
YaeT paBEHCTBY HYJIO BapualWM cjefa Mpolaratopa
[16].

[Ipu obpameHnn BpeMEHH, T. €. HPU SBOIIOLHUH
CHCTEMBI OT { K #, CIIHHOP Ipeo0pa3yercs, TOCKOIbKY
ypaBHeHue llpenunrepa oOpaTMMo € MOMOILIBIO 00-
PaTHBIX MaTpHI, a AJIS JIIOOBIX MOMEHTOB BPEMEHH f;
U t, oOpaTHas MaTpula CYLIECTBYET B CHUJIy IPYIIIO-
BBIX CBOKMCTB mpeoOpazoBanuii, mpuueM (), t) =
= O0'\(t,, ;). DTO 03HAYAET, YTO B HPAMOM H MOCIE-
IyIoIIeM oOpaTHOM Mpoleccax #; — f, —> ¢; CIIUHOP
npeodpasyercs Kak

D (1) = O(12,4) (1) > O(t1,1,) O (t2.1) (1) =
=07 (t,1,) O(t2.1,)® (1) = @(1,),

MO3TOMY MaTpHIla TIOTHOCTH (22) mpeobpasyercs
kak J(t,) — J(t,) —> J(t), T. e. Bce HAOmMoOaeMbIe B
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KOHIIE TIpoLiecca MPHOOPETYT Te e camMble 3HAUCHUS
(21), kakuMU OHU OBITIH B €TO HayaJje.

Takum o0Opa3oM, eclny MpOLecC MOITHOCTBIO OMU-
CBIBAETCSl TONBKO OJHOM MOCIEI0BATENbHOCTBIO MaT-
pu1l, Ipeodpa3yIoUIx CIIMHOP, TO OH 00paTuM.

DBOMIONMSI KBAHTOBOIM CHCTEMBI, KOTJa ITOCIIEA0Ba-
TEMTBbHOCTh MAaTPHIl IUIOTHOCTH OIPEAENAETCS TONBKO
OTHOHM TMOCIIEOBATENIFHOCTBIO0 MaTpUll, Mpeodpasylo-
LIUX CIIUHOP, HE SBJIAETCS €AMHCTBEHHO BO3MOXKHOM.
Ecnu cucrema onuceiBaercs ypaBueHuem Llpenunre-
pa c moreHumanoM U(r, f), 3aBUCSILUM OT BCEX KOOp-
OUHAT, TO TOJHAs aMIUIMTYAa TMepexojaa U3 Iy, fy B
MPOU3BOJIBHYIO TOUKY I, / 3aBUCHT OT BCEX BO3MOXK-
HBIX TyTei. Hampumep, B ¢eiiHMaHOBCKON (opMyIH-
POBKE KBAaHTOBOW MEXaHWKU OHa MPEACTAaBISET cOO0H
WHTErpa 1o TPACKTOPHSIM.

Paccmorpum Bompoc 00 0OpaTHMOCTH 3BOIIOLUH
KBaHTOBOM CHCTEMBI, KOTJIa MOCIENOBATEIbHOCTD
MaTpHIl IDIOTHOCTH ONpeAessieTcs: OobIlIe YeM OTHON
MOCJIEOBATENBHOCTRIO HEO0A3aTEIbHO KOMMYTATHB-
HBIX MaTpull (), ONpeNeNIOnHX MOCIeI0BaTENbHOCTD
J(t)... J(t). B manHOM cCilydyae JOCTATOYHO OTpPaHH-
YUTHCSl TOJNBKO JBYMsSI TOCIIEAOBATEIbHOCTSIMH MaT-
pun; O, 4TO, B YaCTHOCTH, UMEET MECTO B JKCIEPH-
MEHTE ¢ ABYMS LIEISIMH Ha TpaHuUIle pasnena cpen.

[TycTb 3BOMIOLNST KBAaHTOBOM CHUCTEMBI OT # K f;
orpenensieTcss AByMsl paBHOMNpPABHBIMHU MyTsMH. Pac-
CMOTPHUM BOIPOC 00 0OpaTUMOCTH HAOMIOJAEMBIX MTPH
oOpallleHun BpEeMEHHW BHAA f; —> f, —> t;. Matpuusl
nepexoza (00o3HaunM ux A U B ) OT ¢ K £, IO IBYM
pasHbBIM MYTSAM NPHUHAUIEKAT, KaK IOKa3aHO BBIIIIE,
rpynme SL(2,C), 1 moToOMy OHU MPEICTaBUMBI B BHJIE
A = exp(ac) u B = exp(bG) ¢ KOMIUIEKCHBIMU BEKTO-
pamu au b.

[Tpu oOpamieHnu BpeMeHH, T. €. IPU SBOIIOLUU OT
L K t;, MaTpulbl 4 U B, nmpeoOpa3ymole COMHOp Ha
KaXXJIOM M3 r[yTeﬁ IIpHU 3BOJIOIHU OT I K fp, IIEPEXO-
14T B obparusie, A — A u B — B'. O6paTHble Mart-
PHULBI CYyLHIECTBYIOT B CHIIy OOpaTUMOCTH ypaBHEHHS
peaunrepa uin BCICACTBUE TOTO, YTO OHHU MPHUHA[-
Jexar TpyIe, Npu oOpalleHHd MaTpHUI] BEKTOPHI a
U b MEHAIOT 3HaK.

[onusiit mponararop (MaTpuia mepexoaa) B mpo-
mecce t — b, y‘lI/ITBIBaIOH_[I/Iﬁ o0a IIyTH, SIBJISICTCS
KOMITO3UIIMEH MaTpull o o0ouM myTsMm. TpeboBaHue
BBITIOJTHEHUSI T€X K€ 3aKOHOB COXPAaHEHHsI, KOTOpHIE
BBITIONTHAIOTCSA ISl KQKIOrO M3 IyTeH, MPUBOAUT K
TOMY, YTO JONYCTHMBIC KOMIO3HIMU JOJKHBI MPH-
HaJUISKATh TOM K€ TpyIIe, KOTOpOo MpuHaaiaexaT 4
u B. KpoMe rpynmnoBoil NMpUHAIIEKHOCTH, MONTHBINA
[poraraTop Mo ABYM IYTSIM JOJKEH yIOBIETBOPATH
HEKOTOPBIM JIOTIOJIHUTENBHBIM TPeOOBaHUSAM, OTpa-
JKAIOIUM CBOWCTBA CHMMETPUM CHUCTEMBI NPU JHUC-
KPETHBIX TMpeoOpa3oBaHUsIX, B JAHHOM ciydae Ipu
MepeCTaHOBKax, T. €. Ipu a — b u b — a, u npu un-
BEepCcUU, T. €. Iipua —>—-au b — —b.

VYpasuenue lpemaunrepa odpatimo. IT0 O3HAYAET,
YTO pelIeHUe ypaBHEHHS (2) MM KOMIUIEKCHO-COI-
PSKEHHOT0, WM MOCTPOEHHUE Ipomararopa ajis CIu-
HopHOH Qopmsbl ypasuenus Llpenunrepa (7) wiu co-
OTBETCTBYIOLETO CIIMHOPHOTO YpPaBHEHUS U KOM-
MJIEKCHO-CONpsbKeHHHoro  ypaBHeHus lllpennnrepa
SKBUBAJIEHTHBI. KOMIJIEKCHOE CONMpsKEHHE YypaBHe-
uus lpenunrepa (BMecTe ¢ mepexooM K KOMILIEKC-
HO-CONPSDKEHHBIM PELICHHUSIM) COOTBETCTBYET 3aMEHE
t — —t , ipu sToM mpomnaratop O mepexomut B Q'
Iu1st oOpaTHOro mporecca. [losToMmy nmponaraTopsl uis
paMoro u obparHoro nponeccos Q u Q' (Ha rpymme
00s13aTENbHO CYIIECTBYIOT 00a) SKBUBAJIEHTHHI B TOM
e CMBICIIe, B KAKOM SKBUBAJIECHTHBI ¥ U Y* mpu 00-
paleHUU BPEMEHH.

PaccMoTpum cHavana mepecTaHOBKHM IpomaraTo-
poB A u B. B cuny paBHONpaBHs IyTel MOJHBIN
MporaraTop I0bKeH OBbITh TM00 CUMMETPUYHBIM, JIU-
00, y4uTBIBass HM3JIOKEHHOE BbIIIE, AaHTHCUMMETPUY-
HbIM Ipu A — B u B — A, T. €. IONHBIN NporaraTop
1100 He MeHsIeTCsI, TU00 TepeXOAUT B OOPATHBII.

CUMMeTpHUYHBIA TIO0 TEpEeCcTaHOBKAaM Iponararop,
Kak MmokasaHo B [14—17], Belpaxaercs B BUIC

= {(BA1 )1/ ’ A}

Ipu 3axperTy oaHOM U3 1wened, T. e. ipu 4 — 1(a=0)
wm B — 1(b = 0), maTpuua M nepexoaut B mporara-
TOp 1S onHoro nytd, M = Bunu M = A, COOTBETCT-
BEHHO.

AHTUCUMMETPUYHBIA, MEPEXOAAMUN MpHU Iepe-
CTaHOBKaX B OOpaTHBIH, mpomaratop umeeT Bup [19]

2 2

M = {(ABI)I/ ? B} (23)

D={(4B)" 31}2 (24)

[Tokaxem, yto npu 4 — B u B — A nponaratop
D—>D'te

. 2 )
D={(Ba) 4| ={(aB)? B} =D
JUist 5TOro, OYEBHMIHO, JOCTATOYHO [OKA3aTh pa-
BEHCTBO (BA)I/2 A7 = B(AB)fl/z.

CIipaBa Ha An BO3BO/Jd B KBaJpaT, MMOITYyIUM

VYMHOXasT €ro

2 4.B(4B) " 4=

—1/2

BA=B(4B)

= B(4B) " (4B)(4B) " 4=BA.
AHanoruyHo
HOCTB (23).
Kpome 3Tux AByX KOMITO3UIIMH CYLIECTBYIOT €IIe
JIB€ aHTUCHUMMETPUYHBIE 10 IEPECTAHOBKAM KOMIIO-
3unuu [23]

JOKa3bIBaCTCA nepeCTaHOBOY -



16

Ilpuknaonas pusuxa Ne 6, 2009

T= (AB*ZA)I/ * 4B, 25)

V2.
T'=(ABZA) A7'B7, (26)
Takue, yropu A - Bu B —> A vatpuma T — T ' u
T'— (T)"' 10Ka3aTeNbCTBO TOXOOHO NPHBEICHHOMY
BBIIIIE.

VYKka3aHHbIE NEPECTaHOBOUHBIE CBOWCTBA KOMIIO-
3unuii Matpuy (23)—(26) cnpaBeIUBEI IJIs1 HEOCO-
OCHHBIX MaTPUI TPOU3BOIBHOTO Nopsiaka. Eciu 4 u B
MpUHAJJIEKAT OAHOM MYJIBTUIIIIMKATUBHOM TpYIIIE, TO
U ux komnosuuu M, D, Tu T' npuHaaiexart Toi xe
rpymme. OTo CleayeT U3 TOro, YTo B SIBHBIE BBIpaxe-
HUA JJI1 HUX BXOJAT TOJIBKO IIPOU3BENCHUS U JeHCT-
BHUTENIBHBIE CTENIEHH MAaTpPHLl — ONEpaLiH, COXPaHSIO-
1Me PYIIOBBIE CBOMCTBA pe3ynbTaTa . B uacTHOCTH,
ecmu A, B € SL(2,C) To M, D, T u T' Taxke npuHaI-
nexat SL(2,C). Iloatomy npu aedctBum MaTpun M,
D, Tu T' Ha cnuHOpP BBIMOIHAIOTCS TE€ YK€ 3aKOHBI
COXpaHEHHS, 4TO U A1 A U B 110 OTAENBHOCTH.

Paccmorpum TpaHchOpMaMOHHBIE CBOWCTBA MaT-
pun M, D, T u T' xaKk NOJHBIX NPONAraTopoB AJs
CIMHOPA U YYUTHIBAIOIMX 00a IMyTH MPH OOpaIIeHUN
BpeMenn, T. e. ipu A — A u B — B'. Herpyznno
MOKa3aTh, YTO KaXKAbIH M3 mpomnaratopoB M u D npu
TaKOW 3aMeHe MEePEeXOAUT B OOpaTHBIH. DTO O3HAYAET,
9TO NpH ¢} —> £, —> ¢ IEHUCTBUE KaXIO0ro U3 Impomnara-
TopoB M u D Ha ciuHOp NpUBOIUT K ciuHopy D(t)),
U TIOTOMY Bce Habmrogaemble (T. €. MaTpUIBI IIOTHO-
CTH YHCTBIX COCTOSIHWHN), BBIYHCIICHHBIC C MTOMOILBIO
npomaratopoB M u D, IpuoOpeTaoT Te Ke 3HaUYCHUS
B KOHIIE TIpollecca, KAKUMHA OHU OBUIM B €ro Hayae.
WHbME cioBamu, mponaratopsl M 1 D MOTYT OITUCHI-
BaTh MPOLIECCHl 00paTUMBbIe, KaXKIbI U3 HUX OTBEYAET
Ha0JII0IAEMBIM C COOTBETCTBYIOIIMMH TEPECTAHOBOY-
HBIMU CBOWCTBaMH, HO OHHM HE COJEp)KaT HeoOpaTH-
MOCTH.

Paccmorpum noapobuee nponaratop 7. Ilycts on-
Ha M3 ILeNel 3aKpbiTa, Ipu 3TOM B (25) ciexyer mo-
noxuth A = 1 nnu B = 1. B o6oux cayuasx 7'= 1. Ec-
a1 Matpuisl A W B KOMMYTaTWBHBI (IIPU 3TOM
MOKA3aTeNd MX CTeleHeH CKJIAabIBAIOTCS), TO TAKKE
T = 1. [loaTOoMy B 3TUX City4dasx (OTKpBITA O/IHA ILIENb,
YTO COOTBETCTBYET TOJNBKO OAHOM MOCIEN0BATEIbHO-
ct MaTpul O, mpeoOpa3yroImuX COMHOP, WIH UX JBE,
HO mpomnaratopsl A U B KOMMYTaTHBHBI) AeHCTBUE
npomnararopa /' Ha COMHOP HE MPUBOIUT HU K KaKUM
W3MEHEHUSIM, U TIOTOMY HaOJlloJjaeMble TaKKe HEe Me-
HAIOTCS.

* v
I'pynmoBsle U HepecTaHOBOYHBIE CBOMCTBA OWHAPHBIX BBI-
paxennii M, D, T u T' cOXpaHSIOTCS IS JTIOOBIX WX JCHCTBHU-
TENbHBIX CTCIICHEH.

Paccmorpum Tenepsp mpeoOpazoBaHHE MponaraTo-
pa T npu obpamennn matpun A u B, 3ameHus B (25)

A > A" wu B - B' Ipu stom T—T=

12 -
=(A7182A71)/ AB7'. Ilokaxem, uto 7T =T, T. €.

)U2 )U2

(A‘IBZA‘I AB‘lz(AB‘zA A"'B. VMHOKasg 510

PaBCHCTBO CIIpaBa IMOCJICAOBATCIBHO Ha B_l un Au

BO3BOJA €ro B KBaJAparT, NOJIy4YUuM

AB2 4= (A*IBZA*1 )1/ P 4B BA (A’leA’l )1/ ?

xAB™! ‘BilA:(ABizA)il/z(AB’ZA)(AB*ZA)A/Z
x(4B4)= 4B 4,

T. e. T =T (QaHAJOrMYHBIMU CBOMCTBAMH 00/1a1aeT U
nponaratop I”). OTo 03HAYAET , UTO ECIIH PEOdPa3o-
BaHue cnHopa () ¢ momouipto mponaratopa I’ B
mporiecce ¢, — t, npuBomuT Kk O(t,) = T (¢;), To MoCIHE-
Iyroree rmpeodpazoBanue cnumHopa D(f,) B mporiecce
f, —> t; IPUBOTUT K &)(tl)sz)(tz)szd)(T]), T. €.
crmaop ®(#) B KOHIE mpouecca £, —> £, —> f; HE COB-
TaJaeT co CIIMHOPOM B €ro Hauane, eciu T2 # Gy

3amuimeM MaTpUIly IUIOTHOCTH YHCTBIX COCTOSTHHI
J(#) B KoHLE mpouecca t; —> £, —> ¢ , NOIY4EHHYIO C
MOMOIIIBIO nporararopa 7, B BHIE

J(h)= %Sio . {cp+ (1)(r°) 0,70 )}.

O4eBUHO, YTO YCIIOBHEM COBIMAJICHUS HAOJrO/Iae-
MBIX B Hayalle¢ ¥ KOHIIE MpoIecca, T. €. YCIOBHEM 00-
PaTUMOCTH SIBJISICTCS

Y 6,12 = 27

Gy =6y ( )

s Beex s =0, 1, 2, 3. Ilpu s =0 0OHO MPUBOTUT K
(TH"=T7, 1. e. K TpeGOBAHHIO YHUTAPHOCTH MATPH-
bl 72, 9TO MOXKET PacCMAaTPHBATHCSA B KAYECTBE OJi-
HOT'0 M3 HEOOXOIMMBIX yCIOBHIA 00paTUMOCTH. Bhipa-
3UB B OTOM CIlydyae YHUTApHYI MaTpUIly B BHJIC
72 = exp{ZitG} =cos2¢ +i(tc/t)sin 2t ¢ JelcTBU-

TCIBHBIM BCKTOPOM t, MOJIy4nuM YCJIOBUC O6paTI/IMO—

ctu B BuAe  sin2¢ = 0, win t=7tn/2,t=ﬂt12 +t22 +t32.

Ecnmu  ycnoBue (27) He BbIMOmHSETCSA, TO
J(1)#J(#), u oBomromms B mpouecce t —> f —> f
HeoOpaTHuMa.

: MynIbTHINIMKATHBHOCTE TIOCTIEZOBATENBFHBIX Hpeodpa3oBa-
HUI CIIpaBeUINBa KakK AT OOpaTHMBIX, TaK U JUI HEOOPATUMBIX
MpOIIecCcoB [24].

** 3mech t; ¥ t — KOMIIOHEHTBI ¥ JUIHHA BEKTOpa t.
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Beipaxkenne s matpunsl P w3z (9) mosBo-
JsieT chaenaTh HEKOTOpbIE BBIBOABI O (DH3MYECKUX
npuynHax HeoOpatumoctu. Ecnm moTeHnuan He me-
HSeTC HH BO BpPEMEHH, HH B IPOCTPAHCTBE
(k'=0 u Vk=0), B3auMOACUCTBHEC OTCYTCTBYET,
MaTpHullbl 4 U B UaroHalbHBl © KOMMYTaTHBHBI, IPU
sToM T paBHa €IMHUYHOH, a BCE MpOLECcCH 00paTu-
Mbl. B ciyuae B3aumopericTust, koraa k' # 0 u (win)
Vk #0), HenquaroHanbHbIE MaTPUYHBIC JIEMEHTHI B A4
U B OTIW4HBL OT HYJS, pu 3ToM A U B MOryT OBITh
HEYHUTAPHBIMH ¥ HEKOMMYTaTHBHBIMH, a MOTOMY
MPOLIECCHl MOTYT HpOoTeKaTh HeoOpaTumo. [loaTomy
B3aMMOJICHCTBUE, B YACTHOCTH, CTOJIKHOBEHUS, B CHC-
TeMe CcJeqyeT CUUTaTb HEO0OXOIUMOH (U3NYecKOn
MPUYMHOW HE0OpaTUMOCTH, XOTS M HEZOCTaTOYHOM.
Hanpumep, ecnu umeercs BzaumozeicTeue, Ho 4 = B,
To MaTpuna I paBHa eOUHUYHOH, U HEOOPaTUMOCTD
OTCYTCTBYET.

B citydae cnokHBIX cuCTeM, KOTa ©IMEETCsS MHOTO
MyTel SBOJIONHMH M COOTBETCTBYIOIIMX WM IIpoIiara-
TOpOB A, B, ..., HSOOXOAUMEIM YCIIOBUEM O0paTUMO-
CTH SIBJISIETCS BBHITNIOJIHEHUE YCIIOBHSI (27) AJsl BCex map
MapUUagbHBIX MPOMAaraTopoB, a IOCTATOYHBIM YCIIO-
BHEM HEOOpaTHMOCTH SIBIISIETCS €r0 HapylIeHUE IS
OJTHOM Mapsbl.

3akjIoueHne

HepensatuBucrckue KBaHTOBBIE CHUCTEMBI C JICH-
CTBUTEIBHBIM IOTEHIIMAJIOM OIUCHIBAIOTCS OOpaTH-
MbIM ypaBHenueM Ulpenunrepa. TpeOoBanusi k
TpaHCc(OPMALMOHHBIM ~ CBOWMCTBaM  HaONIOJaeMBIX,
KOTOpBIE SIBJIAIOTCS ACHCTBUTENLHBIMU CKAJISIPHBIMU
BEKTOPHBIMH BEJIMYMHAMHU, M BBIIOJTHEHHE 3aKOHOB
COXpaHEHUs IPUBOAAT, B COOTBETCTBUU C TEOpPEMaMHU
Herep, K COOTBETCTBYIOIIMM TEOPETHKO-TPYIIIOBBIM
TpeOOBaHUSAM K TporaratopaM, MpeoOpa3yroIM
cnuHOpHL. [lponmaraTopbl SBISIOTCS 3JIEMEHTaMH CO-
OTBETCTBYIOIIMX TPYMI, OHHU 00JaZalOT OOpaTHBIMH
3JIEMEHTaMH, YTO OTBEYAaeT OOPaTUMOCTU YpaBHEHHS
[penunrepa.

HeobpaTuMocTh KBAaHTOBBIX CHCTEM, SIBIISIFOILASICS
9KCIEPUMEHTAIILHBIM (pakToM, TpebyeT cBoeil ¢op-
MYJIHPOBKH B TEPMHHAX HAONIOJAEMBIX BEITHYMH.
[onuerit HaGop HaOMIOmaeMbIX (OMJIMHEHHBIX SPMH-
TOBBIX (hOpM) 00pa3yeT MaTpuIly IJIOTHOCTH YHCTHIX
coctosiHui. [lonHOTa HaGMIOJAEMBIX MOXKET OBITH BBI-
pakeHa B BHJE PaBEHCTBA €€ OINpPENeNUTENs HYIIO,
MO3TOMY STH MaTpHIIBl HE UMEIOT 00paTHBIX. DBOIIO-
sl HaOJMI0JaeMBIX KBAHTOBOH CHCTEMBI BBIpaXkKaeTcs
MOCIEAOBATENBLHOCTBIO TAKMX MAaTpPHUIl C TEM K€, paB-
HBIM HYJIIO, OTIpefeNuTeeM, a TpeOOBaHUs BBITIOIHE-
HUSl 3aKOHOB COXPaHEHHS NPUBOAAT K HEKOTOPBIM
YCIIOBUSIM Ha MaTPUYHBIC DJIEMEHTHI STOM MOCIEN0Ba-
TENBHOCTH, ONPEAEIsIeMbIM 0OpPaTUMBIM ypaBHEHHEM

[lIpenunrepa U COOTBETCTBYIOIIEH €My IpYIION, KO-
TOpOU NMpUHAAJIEKAT MPOINAraTopsl s CIHHOPA.

U3 coBmecTMocTH TpeOOBaHUI K MaTpHLE IUIOT-
HOCTU YHCTBIX COCTOSHHM C TEOPETUKO-TPYNIOBBIMU
TpeOOBaHUSIMH K MpONaratopaM IOJNyYeHbl YCIOBHS
00paTHMOI 3BONIOLUN KBaHTOBOH cucteMbl. OOpaTH-
MocTh ypaBHeHusi Lllpeaunrepa mpencrasisier coOoi
HEoOXOIUMOE, HO BOBCE HE JOCTATOYHOE YCIOBUE
00paTHUMOM HBOIIONNK KBAaHTOBOH cucTeMbl. OOpaTu-
Masi SBOJIIOLMSI OCYLIECTBIIIETCS JUIIb B ciaydae 00-
paTUMBIX IIPeoOpa3oBaHMil BCEX HAOIIOJaEMBIX.

[IpeanoxeHHBIH MOAXOA K PACCMOTPEHHUIO HEOO-
PaTHUMOCTH MMEET aHAJIOTHIO C pacCCMOTPEHHEM OOBIY-
HBIX HMHTep(EpeHUNOHHBIX sBIeHNH. Hampumep, B
cllyyae CTallMOHApHOH HHTepQepeHLnH, ompenense-
MOH JByMsI MYyTSIMH, CHadajla CTPOUTCS peEIIeHUE
(mapuuanbHBId TpoMaraTop) Mo KaXKaAoMy M3 IIyTeH,
3aT€M CTPOUTCS IOJIHOE PELIEHHE, MPEACTaBIISIONIES
KOMITO3HMIIMIO NMAPIHATIBHBIX, U MOCIE ITOr0 Ha OCHO-
BE MOJHOTO, YYHUTHIBAIOIIET0 00a IyTH, pEIIeHUs
CTpOATCS HaOJII0AaeMbIe.

CoBepIIeHHO aHAJIOTHYHO paccMoTpeHne HeoOpa-
THUMOCTU. OBOJIONMS MaTpPULbl IUIOTHOCTH OIpeEne-
JIeTCsl HBOIOLMEH OHOM MM HECKOJIBKHMX IOCIIEN0-
BaTENIbHOCTEH MapLUUAIbHBIX MPONAraTopoB, Mpeod-
pasyroIuX CHUHOpP. OTH MaTpUYHBIE IPONAraTopsl
Ka)XIOW M3 TOCIIENOBATENbHOCTEH BCIEACTBUE 00pa-
tuMocTH ypaBHeHus lllpenuHrepa oOpaTumbl, OHHU
00J1ajal0oT CBOMCTBAMHU TPYIIIBI, OTBEYAIOLIEH COOT-
BETCTBYIOIIINM 3aKoHaM coxpaHeHus. [lomHelie mpomna-
raTopbl SBISIOTCS KOMIIO3UIMEH COOTBETCTBYIOIINX
MpONaraTopoB KaXXJOH M3 IOCIENOBaTENbHOCTEN
MapUHaIbHbIX IPONAaraTopoB, OHU MpPHUHAJIEKAT TOH
JKe€ TpyIe, KOTOPOH NMPUHAMIEKAT BXOJAIIME B HUX
napUUagbHbIe IPONaraTopbl. ITUM O0OCTOSTEIbCTBOM
00YCIIOBJIEHBI BBIIIOJHEHHE TEX K€ 3aKOHOB COXpaHe-
HUS, K KOTOPBIM MPHUBOAXT KaX<IbIi U3 MapLUalbHbIX
MPOIaraTopoB, U TpaHC(OPMALMOHHbBIE CBOMCTBA Ha-
OmromaeMbIX Ipu npeodpa3oBaHUsIX KoopauHaT. [lom-
HBIE TIPONAraTopsl 00Iatal0T TaKXkKe OMpeeTICHHBIMU
MIEPECTAHOBOYHBIMH CBOMCTBAMH, KOTOpPBIE B CBOKO
oyepenb ONPEAeNAOT WX CBOMCTBa CUMMETPHUHU IIPH
nepexone kK oOpatHeiM MarpuuaMm. HaOmromaemsie
BBIUMCIISIIOTCA HA OCHOBE IOJHBIX IPOIAraTopoB.

[Ipu obpamienny BpeMeHHU Bce NapLualibHbIE MPO-
naraTopbl MepexoIsiT B 00paTHBIE B COOTBETCTBUU C
obpatumocTtheio ypaBHeHus llpenunrepa. Onu nopo-
JKAAI0T, B YACTHOCTH, TaKUE€ MPHUHAAJICKALIIE TOH XKe
rpyImme, YTo W MapUuaibHbIe, TOIHbIE MPONaraTopsl,
KOTOpBIE MPHU 00palleHNH NapLUaIbHbIX 1EPEXOIsiT B
obpaTHble. OTH 00paTHUMBbIE TOIHBIE IPONAraTopsl He
OPUBOIAT K HEOOpaTHMOCTH HAaOMIOJaEMBbIX, OHHU
OITMCBHIBAIOT TOJIBKO OOPATHMYIO SBOJIOLHIO.
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HeoGpatumas »Bomonusi HaOMIOZAEMBIX MOMKET
OBITH CBsI3aHA TOJIBKO C TAKMMH HOJHBIMU MPOMAraTo-
pamu, KOTOpbIe He MepexonsiT B oOpaTHbIe Mpu o0pa-
LICHUU BPEMEHH M COOTBETCTBYIOLIETO OOpalleHHs
BXOJAIIMX B HET0O MaplHMaJIbHBIX Mpomaratopos. Kpo-
Me 0OpaTMMBIX TOJHBIX MPONAraTopoB, OOpaTHMBbIC
MapuyagbHble MOPOXKAAIOT TAKKE M TAKHE IIOIHBIE
MpoMaraTopel, KOTOpbIe IpU 00palIeHUH BXOAAIIMX B
HUX TapOyalbHBIX MPONAraTopoB HE MEHSIOTCH.
[losToMy OHM mpuHaAIEKAT TOM XKe TpyIIe, 4To U
napluyangbHble, U MOTOMY, HE Hapyllas 3aKOHOB CO-
XpaHeHUs, MOTYT MPUBOAUTH K HEOOPATUMOH 3BOJIIO-
WU HAOJIOAaEMBIX.

CylIlecTBYIOT yCIOBHsI, NMpPH KOTOPBIX U TaKue
MOJHBIE MPOMaraTopbl HE MPUBOAAT K HEoOpaTHMON
9BOJIIOLMU. DTO MPEXKJE BCErO MMEET MECTO, Koraa
9BOJIIOLMSA HAOJIOZAEMBIX OMPENENSETCS] TOJIBKO Of-
HOHW TOCJIEe0BAaTENFHOCTBIO POMAraTopos, mpeodpa-
3YIOLIUX CIIMHOP, B 3TOM CIy4ae MOJHBIN MIponaraTtop
COBIAJIaeT ¢ MapUuanbHbIM. Bo-BTOpEIX, B TOM ciy-
yae, KOrJa COOTBETCTBYIOIIME IPONAraTopbl Kaxkaoi
13 MOCIEN0BAaTENBHOCTEN MapLUalbHBIX MPOHaraTo-
POB KOMMYTATHBHBI, 3BOMIOLUS HAOIIOIAEMbIX TaAKKe
obpatuma.

Ecnu nonuelii npomnararop, He nepexoIsimui B 00-
paTHbBI MpH OOpallleHHH BXOMIIMX B HErO IMapIH-
AJBHBIX MPONAraTOpOB, HE YIOBIETBOPSIET 3TUM Tpe-
O0OBaHMAM, TO HSBOJIONMA HAOJIIONAEMBIX KBAaHTOBOH
cucteMbl HeoOpatuma. Pu3MUecKoil MPUUUHON HEOO-
PaTUMOCTH SIBJIIETCS] B3aUMOJIEHCTBUE B CUCTEME.

[IpeanoxeHHBINH MOIX0A K HEOOPATUMOCTH JAOITYC-
KaeT OJHOBPEMEHHOE CYIECTBOBAaHHE U OOPATUMBIX,
1 HEOOpAaTUMBIX MPOLIECCOB B CUCTEME, OMUCHIBAEMON
obpatuMbIM ypaBHeHHeM Lllpenunrepa, MOCKOIBKY B
JIOCTATOYHO CIIOKHOM CHCTEME, 3BOMIOLHUSA KOTOPOH
ornpenensieTcss OONBIIMM YUCIOM MapUUalIbHBIX MPO-
MaraTopoB, yCIOBUE 00paTUMOCTH, 3aBHCALIEE OT KO-
OpAMHAT ¥ BPEMEHU, MOXKET BBIMTOTHATHCS A OAHHUX
COYETAHWM MaplUUaIbHBIX MPONAaraTopoB U HE BBIMOJ-
HATBCS AJIS APYTHX.

Oo0paiatoT Ha ce0s BHUMaHUE JBa 3aMEUaHUsl aB-
TOpPOB [5], CBA3aHHBIX C HEOOPATUMOCTHIO B KBaHTO-
BOM MEXaHMKE M HMMEIOLINX HEMNOCPEICTBEHHOE OT-
HOLIEHHE K pas3BuToMy mnoaxony. "HeoOpaTtumocTsb,
BBIpaYKaeMasl CTPENIOi BpEMEHM, — CBOMCTBO CTaTH-
ctuyeckoe. OHa He MOXeET OBITH BBEIEHA Ha YPOHE
OTAEIBbHBIX TPAEKTOPUN (MJIM BOJIHOBBIX (PYHKIMH) U
MO3TOMY TpeOyeT paJuKalbHOro OTXOJa OT HBIOTO-
HOBCKOW MEXaHWKHU WJIH OPTONOKCAIbHOM KBAaHTOBOH
MEXaHHKH, B OCHOBE KOTOPOM JIEKaT IMOHATHS OT-
JENBHOM TPAaeKTOPUM WM BOJTHOBOM (QyHKIHMH",
[5, ctp. 181] m "OcHoBHOE nomyuieHrE, KOTOPOE MBI
3/1eCb BBOJUM, COCTOMT B YTBEP)KIEHHMH, UYTO IPO-
CTPaHCTBO—BpPEMS C HYJIEBOM KPUBHU3HOM, TaKOE, KaK
MPOCTPaHCTBO MUHKOBCKOr0, HEe 00NagaeT dHTPOIH-

eit" [5, ctp. 232]. IlepBoe U3 HUX OTBEYAET TOMY O0-
CTOSITENICTBY, YTO B MPEJIOKEHHOM MOAXO0Je HEoO-
paTUMOCTb OTCYTCTBYET, €CIH IIyThb OSBOJIOLHH
TOJBKO OAWH, JUISi HEOOpaTHMMOCTH HEOOXOIUMBI JBa
MapUUagbHBIX [POMaraTopa C COOTBETCTBYIOLUIMMHU
cBoiicTBamMu. BTopoe 3ameueHne clieiyeT COoCTaBUTh C
HEKOMMYTaTHBHOCTBHIO MapLMaNbHBIX MPONaraTopoB.
O0a oHM TONMY4YalOT OOBSCHEHHWE C TeOMETPHYECKON
TOYKH 3pEHHS Ha OCHOBE HEEBKJIMJOBA IIPHHIUIIA CY-
NEPIIO3ULIUH, YUUTHIBAIOIIETO HEKOMMYTaTUBHOCTb.

I'eoMeTprUecKUM BBIPAKEHHEM HEKOMMYTAaTHBHO-
CTH MIPOINAraTopoB SIBJSIETCA UX OTOOpa)KeHUE B BUE
HEKOJUTMHEAPHBIX TeOAEC3MYECKUX BEKTOPOB B IIPO-
CTPaHCTBE C HEHYJIEBOW rayCCOBOM KPUBU3HOM, a He-
00paTUMOCTh OmpeessieTcsl IoMabio ""mapaieno-
rpamma’, MOCTPOEHHOrO0 Ha 3THUX BEKTOpax Kak Ha
CMEXHBIX CTOpOHax. B ToM ciydae, korma mponara-
TOPBI B MPOCTPAHCTBE C HEHYJEBOW rayCcCOBOW KpH-
BU3HOW KOMMYTAaTHBHBI, HEOOPATUMOCTH OTCYTCTBY-
er. OTCYTCTBYET OHa TaKXX€ U B MPENNOI0KEHHH, YTO
BCE MPOMAraTopbl MOI'YT OBITH OTOOPa)KEHBI B €BKIIH-
JIOBOM TIPOCTPAHCTBE, O0OOIIEHHEM KOTOPOIO SIBIISI-
eTCsl THIIBOEPTOBO MPOCTPAHCTRBO [5].

B miockux mpocTpaHCTBax, e Bce Teone3nye-
CKHE BEKTODBI, SIBISIOMIMECS OTOOpakeHHEeM Mporma-
raTopoB, IEPECTAaHOBOYHBI, HEOOPATUMOCTH OTCYTCT-
ByeT. CBs3p C reomerpuyeckod ¢aszoii  beppu
(ITpunoskeHre) MOKa3bIBAET, YTO AJIST HEOOPaTUMOCTH
HEOOXOAMMO CYIIECTBOBAHHE 3aMKHYTOI'O KOHTYpa C
OTJIMYHOM OT HyJSl IUIOLIA/BI0 B MPOCTPAHCTBE C He-
HYJIEBOU TayCCOBOM KPUBHU3HOM.

CoBMecTHOE paccMOTpeHHE (PU3MUYECKUX MPUYHH
HEoOpaTUMOCTH, T.€. B3aMMOJCHCTBHM, C T€OMETpH-
YeCcKUMHU, MpuBeaeHHoe B [IpunoxkeHnn, mokasbIBaeT,
YTO CYIIECTBOBAHUE PACTYILEro CO BpEMEHEM M Orpa-

HUUYEHHOT0 (yHKIMOHANA j,, OTPa’KaloIlero HeoOpa-

THMOCTb 3BOJIIOLIMHU, €CTh CJIEACTBHUE HEHYJIEBOW ra-
YCCOBOM KpPUBM3HBI IPOCTPAaHCTBa JOorapup)mos
MPONAaraTopoB, 3TO OOCTOATENLCTBO MOXKHO paccMart-
pUBaTh Kak N€OMETPUYECKOE BBIPAKEHHE YTBEpPXKJe-
HUU aBTOPOB [5], MPUBEIEHHBIX BBILIE.

ITPUJIO’KEHUE

JUist HeKOTOpBIX MpocThIX noarpynm rpymmsr SL(2,0),
takux kak SU(1,1), SL(2,R), OMHApHBIM KOMOO3UIHAM M,
D, Twu T' moxer OBITh JaHAa TCOMETPUYECKAsT HHTEPIPETA-
. Takas BO3MOXKHOCTH CBsI3aHa C TE€M, YTO MaTpHIE,
Hanpumep 4 = exp(ac) u3 rpymnnsl SU(1,1), Moxer OBITH
COTOCTaBJIEH T'€O/NE3NUCCKHH BEKTOP a Ha IUIOCKOCTH
JlobaueBckoro B ee mpexacTaBieHMH Ha kapte [lyaHkape
[14, 16]. Onepamun yMHOXXEHHSI MATPHUI] COIIOCTABIIIETCS
MIOCJIE/IOBATENIFHOE CIIOKEHHE TAKUX T'€0/Ie3NIECKIX BEKTO-
poB. CorocTaBieHHe MaTpHIiaM I'€OIe3MIECKUX BEKTOPOB, a
ollepalii yMHOXXEHHS MaTpUIl — II0CJIEOBATEIHLHOTO
CJIOKEHHUSI 3THX BEKTOPOB B IpocTpaHcTBe JloGaueBckoro
yCTaHaBIMBAET M30MOP(U3M MATPHIHOTO W T'eOMETpHYe-
CKOTO ITPECTaBICHNH HEKOMM yTaTUBHBIX TPYIIIL.
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Beipazum ManI/IIIy* A B BUAE A=exp(ac)=

= exp{(n,0)a} =cha+(n,c)sha, re ac = a;c, +a,0, +

2_ 2, 2, 2

+a,05; a” =af +a; +aj; n, =a/a, U NEPEMHOXXUM [IBE
nogo0usle Matpunpl C = BA. Pe3ynbTaT yMHOXKEHUS 3aITH-
CBIBAETCSI B BUJIE

exp(co) = exp(bo)exp(ac) = cha-chb + (n,n, )x
xsha -shb + o {n sha - chb +n,shb - cha + (28)
+i[m,n,, |shb - sha.

I'eomerpuyeckn BblpakeHne (28) HMHTEpIPETHUPYETCS
cremyrommuM odpa3oM (PUCYHOK, @). U3 Havana O Ha kKapTe
[Tyankape oTIIOXHUM OTpe30K reofe3ndeckoii OA IMHOH a,
3aTeM M3 TOYKH A OTIOXHM OTpPe30K AB mHOI b, yron
MEXITy HUMH OIIpeeIsIeTcs BenmauHon (n,n,) [16]. OTpe-
30k OB, nexammii B utockocTH JloOGadeBckoro, Koropas
OIlpesieNIeHa BEKTOpaMH a U b, paBeH AIMHE pe3ynbTH-
PYIOILIET0 BEKTOPA €, OHA OMpPEAENsAeTCS CIENA0M MpPOH3BE-

nennst matpui che =chb-cha+(n,n, )shb-sha u coor-

BEeTCTBYeT (OopMysie TpeyroibHMKa Ha  IUIOCKOCTH
JlobaueBckoro. Bekrop ¢ (M1300paXkeHHBII OTPEe3KOM reozie-
suueckod OC) W3-3a HANHYHS TOCICTHEr0 WwicHa B (28),
MPOITOPIMOHANBHOTO [N,N,], HE JISKHUT B INIOCKOCTH Teojie-
3MYECKUX BEKTOPOB a U b, OH CONEP>KUT OPTOTOHAIIBHYIO K HEH
COCTaBJISIIOILYIO, KOTOpasi OToOpaskeHa B BHze orpeska BC.

[Tpn M3MeHeHnN TopsiiKa MEePEeMHOMKEHUSI MaTPHUI] COCTaB-
JSIOIIasl pe3yabTaTa, OPTOrOHANBHAs TuIocKkocTH Jlobaues-
CKOTO, COJeprKallei BEKTOpHI a ¥ b, MeHseT 3HaK, OHa OT-
BEYaeT HEKOMMYTaTHBHOW YacTH MPOU3BEICHUS] MATPHII.

Oo6pamenne Matpumpl C, T. €. mepexox k C- I = A’IB’I,
TEOMETPUUYECKA M300paKEHO HA JICBOM YaCTW PHUCYHKA, d.
OpToroHanbHas COCTABISIONIAsS BEeKTOpa —¢ (oTpe3ok B'C')
HanpasiieHa IMPOTUBONOJIIOKHO BO, TO3TOMY Teoje3nde-
CKHE BEKTOPBI € U —C JIEXKAT 110 Pa3HBbIE CTOPOHBI OT TIJIOC-
KOCTH BEKTOpOB a 1 b.

bunapnsie komnosunmu M, D, T n T' Takke MOTyT
ObITH OTOOpaXkeHs! B mpocTpaHcTBe JlobaueBckoro. PaBHo-
npaBHBIM MaTpuiiaM 4 U B Ha miockoctu JloGaueBckoro
COOTBETCTBYIOT I'€0JIe3NIECKHe BEKTOPHI a 1 b, mcxosmie
n3 obmeil Toukn O (CM. PUCYHOK, 6), OHH H300pa’KEeHBI
orpeskaMu OA u OB, cOOTBETCTBEHHO. M3 ToOH e TOYKH
HCXOIAT BEKTOPHIl —a M —b, COOTBETCTBYIOIIHE OOpaTHBIM
marpunam A ' u B, oum m3oGpakens orpeskamu OA’ u OB,
Bce 3111 BeKTOpEBI JIeXKaT B OAHOH MI0cKocTH JIo6aueBCKoro.

Marpua M = exp(mo) u3 (23), cHMMeTpHYHasi OTHO-
CHUTEJIBHO TICpECTaHOBOK 4 U B, mMmeer, cornacHo [14], cie-
JyIOIIUE apaMeTpbl BEKTOpa:

n, =(n,shb+ nasha)/

/ sh?h +2(n,n shb-sha+sh2a,
Vst +2(mn,) 00

th(m/2) = \/shzb +2(n,n,, )shb -sha +sh’a /

/ (chb + cha).

Kapma Ilyankape (nonyoxpyscuocmu ¢ yenmpamu na ocu V— zeooezuueckue):
a — CJIOXKEHHE BEKTOPOB B IMpocTpaHCTBe JI06aueBCKOro — BEKTOPHI € M —C JIeXKaT BHE INIOCKOCTH BEKTOPOB a U b,
BekTOpsl BC 1 B'C’ OpTOrOHaIBHBI NOCTEIHEH;
6 — oToOpakeHHe B3aMMOAEHCTBHN 1 3BOJIIOLUH CHCTEMbI B TipocTpaHcTse JlobaueBckoro — yron C pacTeT ¢ BO3pacTaHUEM
B3aMMOJCHCTBHS;
6 — BeKTOpbl m U d — 0OpaTUMbIe KOMITO3UIINH 33JaHHBIX BEKTOPOB a U b, nexarue B 0HON TTockocTH JIobaueBckoro;
BEKTOPHI t ¥ t' OPTOrOHABHEI INIOCKOCTH BEKTOPOB a U b; Tpeyronsauk OA,.B,, nMeeT 6ECKOHEUHO yaJeHHbIE BEPIIMHEI Ha OCH V,
YIJIBI TIPH 9TUX BEPUIMHAX PaBHbI HYI0; OM,,— Meauana TpeyronsHuka OA4,.B,,

" Hipke U151 COKPAIIIGHHST 3AITHCH TIPHHATO, YTO TayccoBa KPH-
BH3Ha miockoctu JlobaueBckoro Cg = —1, 4TO He CKa3bIBAeTCs Ha
reOMETPHYECKON MHTEpIIpeTaliy. B KOINYEeCTBEHHBIX BBIYHCIIE-
HMSX CIEAYeT Y4ecTb, YTO IaycCOBa KPWUBM3HA ULl YPaBHEHHS
Mpenunrepa Cg = —4 [14—16]. st yaeTa 3T70ro 00CTOATEIHCTBA
crenyer B opmynax reomerpun JlobaueBckoro [25] mOMOKHTH
k=1/2.

I'eomeTpudeckn BEKTOP M OTOOpa)kaeTcss OTPE3KOM
reoae3ndeckoi OM, nexamumM B TOH ke IuiockocTH Jloba-
YEBCKOT'0, B KOTOPOH PACHONOXKEHBI a U b, MOCKOIBKY HE
COZIEPKHT WieHa ¢ [nyn,]. OH mpezncraBmser coboil auaro-
Hanme  "mapamenorpamma’ OAMB  (4eTBIpeXyroibHUKA,
JIMaroOHaIM KOTOPOTO MEPEcEKaloTcsl B CEpeinHax) Ha TH-
nepOoIYEecKOl IIOCKOCTH, TOCTPOSHHOTO Ha BEKTOpax a
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n b Kak Ha CMEXHBIX CTOPOHAX. DTa JHAroHAIb HPOXOIUT
yepe3  THIEepOONIMUECKYI0 CEpelHy OTpe3Ka reoae3mde-
cKoll AB, npu 3ameHe a — b u b — a BekTOp M He MeHseTCs.

ITpu obpamiennn matpul] 4 u B, BXOIAIINX B BBIpaXke-
uue st M (23), 3HaKu BEKTOpOB a U b MeHSIOTCs HA Ipo-
tuBonosioxkHbie (oTpe3kn OA' n OB'), mpu 5TOM BEKTOp m
TaKXKe MEHsET 3HaK (0Tpe3ok OM' Ha pUCYHKE, 6).

YTtoObI 1MOTy4INTh BRIpasKeHUE ISl OMHAPHOW KOMIIO3H-
iy D, aHTUCUMMETPUYHON OTHOCHUTENBHO IEPECTaHOBOK,
noctaTouno B (23) 3amenuts B — B! wn B (29) b — —b:

n, =(-n,shb + nasha)/

/ \Jsh*»—2(n,n_)shb-sha +sh2a,
VSt -2, ) 0

th(d/2) = \/shzb —2(n,n, )shb-sha +sh’a /
/ (chb + cha).

I'eomerpuueckn pe3ynpraT OnHapHOH Komrosuiun (30)
oroOpaxaercss auaroHaibio OD  "mapatenorpamma”
OADB', mocTpOeHHOTO Ha BEKTOpax a U —b Kak Ha CMEeX-
HBIX CTOpPOHAX.

OueBHUIHO, YTO IPH NepecTaHOBKE MaTpull A u B B (24)
BekTOp d MEHseT 3HaK KaK aHTUCHUMMETPUYHAs JUaroHajb
"mapautenorpamMmMa’. Bextop d, kak ¥ BEKTOp m, JIEKUT B
miockocTy JlobadueBckoro, omnpesensieMoil BeKTopamy a u b.
Ipn obparmennu matpur 4 U B (T. e. ipua —>—-au b — —b)
BekTop d Tarkke MeHseT 3Hak, nmpu 3toMm OD — OD'
(cM. pHCYHOK, 8).

Bektopel m u d sexar B INIOCKOCTH BEKTOPOB a U b
IpU JIIOOBIX YIIax MeXIy mociegHnMu. OfHaKo B TOM
cllydae, KOrna a U b HeKoJIMHeapHBbI, CYIECTBYET OTJINY-
HBII OT HYNS BEKTOp [NyN,], OPTOrOHAIBHBIN IUTOCKOCTH
JlobaueBckoro, B KOTOpOIi aexar a u b.

IMpencraBus T u3 (25) B Buze

T=e® =™ = chr + (n,0)sht =

e e

>

ac _—2bc ac 12 —ac _bo
= e e e

JUTS TIApaMEeTPOB BEKTOpa t IOIyIuM

n, =i[n,n,]/\1-(n;n, )’ @31

1-(nyn, )’ thb- tha
1-(nyn, )thd - tha

tht = (32)

W3 (31) BuaHO, 9TO BEeKTOp t BCETa OPTOrOHAJICH BEK-
TopaMm a U b, mpuueM ero HanpaBIEHUE MEHSECTCA NpPU TIe-
pecranoBke a u b, HO mpu mepexone K OOpaTHBIM MaTpH-
naMm, Korga a — —a u b - —b, HU ero HampasieHue, HU
JUIMHA HE MEHSIOTCS.

Jns oneparmu 7' mapaMeTpbl COOTBETCTBYIOILETO €il
BekTopa t’' moyuatores u3 (31), (32) 3amenoit b — —b. Ha-
MpaBJIEHUs BEKTOPOB t M t' MPOTUBOINOJOXKHBI, JUIMHBI B
00IIeM ciTydae TaKkKe Pa3JIndHbl (CM. PUCYHOK, 8).

W3 cpaBaennus (32) ¢ BelpaskenneM Kaubomu ais yrio-
Boro nedekra "mapasmenorpamma’ Ha 1uiockoctH JloGa-
YEeBCKOT'O (WM, YTO TO XK€ C BBIPAKCHHUEM JUISI €T0 IUIOIIa-

1m) [25] cienyer CBsI3b MEXAY YITIOBBIM JE(QEKTOM, T. €.
IUTOIA B0 M JUTMHOH BekTopa t : th = sin §. [ToaTomy nmu-
HBl BEKTOpPOB t W t' OmpenensioT IUIOMany '"mapayieno-
rpamMmoB" OAMB u OADB', cOOTBETCTBEHHO, Ha INIOCKO-
cru JlobadeBckoro, STH IUIOMAAM, BOOOIIE TOBOPA,
Ppas3IIHBL.

JlokansHO reomerpus JI06a4eBCKOTO MEPEXOANT B €BK-
munoBy. Ecnu BekTopsl a m b Mainbl, TO W3 pa3oKeHUs
9KCIIOHEHIMAIBHBIX TPEJICTABICHUH MAaTpHll CIEdyeT

m=za+bd=za-b,t= i[ba] =~ —t'. DTH BBIPaXKEHUSA COX-

paHsIOT NepecTaHOBOYHBIE cBoWcTBA MaTpul M, D, Tu T,
a TaKXKe MX CBOMCTBA IpU OOpalIeHHH, T. €. IIPU Mepexoe
K BekTopaMm —a ¥ —b. OHako miomany cooTBETCTBYIOMINX

"MapasenorpaMMoB" paBHbI (|t| = |t'|), KaK 3TO MMEET Me-

CTO B €BKJIMJJOBOM T€OMETPHHU.

Crnenyer OTMETHTB, UYTO MMEETCS! CBA3b MEXKAY BEKTO-
poM t u reomerpuueckoit gazoit beppu [26, 27], ¢ nomorbo
KOTOpOH OBLI MHTEPHPETHPOBAH CIBUT MHTEP(EpPEHIINOH-
HBIX TI0J10C B 3ddexre AaponoBa—boma. ['eomerpruecknii
CMBICT 3TOH (ha3bl CBSI3aH C TMapajuIebHBIM IIEPEHOCOM
BEKTOpa 10 3aMKHYTOMY KOHTYPY B IPOCTPAHCTBE C HEHY-
JIEBOM rayccoBOM KpHMBH3HOH. B wacTHOM ciydae mpo-
CTPAaHCTBO C IOCTOSHHOM THOJOXXHUTEIBHOW KPUBU3HOU
(cepa), KOTOpOMY COOTBETCTBYIOT YHHTapHBIC Mpeodpa-
30BaHus, (haza MPOMOPIMOHATBHA TEIECHOMY YIIIy, COOT-
BETCTBYIOLIEMY ILTOMIAIN (PUTYPHI, OXBATHIBAEMOH 3aMKHY-
TBIM KOHTypoM Ha cdepe. B cioydae yHHUTapHBIX
npeobpa3oBannii Ha rpymne SU(2) n UX reoMeTpryecKoi
MHTEpIPETALNN TIJIOMIAAb YeThIPEXyrolbHUKa Ha cdepe u
€ro yIJIOBOM 3KCIeCcC CBA3AaHBI AaHAIOTHYHO TOMY, KaK CBS-
3aHBI IUTOLIAb W YITIOBOH AedekT B reomerpun JloGaues-
CKOTO ISl COOTBETCTBYIOIINX MPeoOpa3oBaHMi HA TICEBIO-
yauTapHoii rpymme SU(1,1).

B kauecTBe mpumepa CHCTEMBI, KOTOpasi OITMCHIBAETCS
obpatumbiM ypaBHeHHeM LllpeanHrepa u B KOTOPOI MOXKeET
UMETh MECTO HEeOoOpaTHMOCTh, PACCMOTPHM MBICICHHBIA
SKCTIEPUMEHT C JBYMsS (TOYEUHBIMH) IIENISMH, PacIoio-
’KeHHBIMH Ha TPAHMIIE pa3zena JBYX cpeA. DTOT MpuUMep, B
KOTOpPOM IMapIHajibHbIe MPONaraTopsl MpUHAUISKAT TPYI-
ne SU(1,1), paccmarpuBancst B paborax [14, 15], roe mo-
CTPOEH CUMMETPUYHBIA MOJHBIN Iponaratop M, u i co-
OTBETCTBYIOIIEH MHTEP(EPEHIINOHHON KapTHHBI TIOTy4YEeHBI
BEJIMYNHEI j; B TIPOM3BOIBHON KOHEYHOH TOUKE 33 SKPAHOM.

Jns onpeneneHust ycinoBuii 00paTUMOCTH W HeoOpaTH-
MOCTH TIpOLIEcCa PacIpOCTpaHEHUsI N3 HadaJIbHOM TOUKH S
B KOHEUHYIO R BbIpazuM, cienys [14, 15], mpomaratopsr 4
u B 1o pa3upM myTsim u3 S B R B hopme

A= eac — eiM103 eLGI eiN103

’ (33)

bo iM,cy Lo, iN,G
B=e" =" e 23

rne N u M — pelictBue (B equHUIAX /) HAa MyTSIX B Iep-
BOH M BTOPOH cpenaX, COOTBETCTBEHHO, BEIMYUHA
L=(1/2)In(ky/k;) (ki 1 ky — BOIHOBBIC YKCIA B COOTBET-
CTBYIOIIUX CPEJaX) OTBEUAET B3aUMOACHCTBUIO HA IPaHULIe
cpen.

VYcnosue obpatumoctr (¢ = 0 ), Kak 3TO CiIexyeT u3

(32), npuBoanT K TpeOOBaHMIO +/1— (nbna )zthb -tha =0.
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OTO 03HAYaeT, YTO IMPOIECC 00paTUM, €CM XOTh OIMH U3
BEKTOpoB a wiu b paBeH Hymio, JmOO e€clnm OHM KOJUIHU-
HEapHBL.

[Monb3ysich (33), 11t mapamMeTpoB BEKTOpa a MOJIyInM

cha = chLcos(N, + M, );
ngsha = shLcos (N, —
n,,sha =shLsin (N, -
n,ysha = ichLsin (N, + M, ),

’ (34)

M)
My);
Y aHAJIOTHYHBIC POPMYITBI TS b.

Ecmu cpensr oguHakoBel, k) = k,, L = 0, B3amMopeicT-
BHE OTCYTCTBYET, Ipomaratopsl 4 U B JQuaroHaabHbl U
KOMMYTATHUBHBI, & CIUHCTBCHHAS OTIIMYHAS OT HYISI KOM-
[IOHEHTa BEKTOPOB a U b oTBeuyaer o3, T. €. 3TU BEKTOPHI
KoiutnHeapHsl. [Ipu 3ToM 7 paBHa €IUHUYHON MaTpuue, U
MOTOMY B OJHOPOJHOW Cpelic MMEET MECTO OOpaTHMOCTh
JUTA JTFOOBIX TyTEH M JIFOOBIX Tap HAYaTbHBIX U KOHEYHBIX
TOYEK.

Ecnu cpena neonnopoaHa, 1. €. L # 0, HO mpomnaratopsl
A v B Ha nyTsX, COCOUHSIOMMNX HAYaJbHYIO U KOHEUHYIO
TOYKH, YIOBIIETBOPSIOT ycioBwsiM chl cos (N1 +M 1) ==l

WA cthos(N2 +M2) ==+I, TO JIMHBI BEKTOPOB a U b

paBHBI HYJIIO, MaTpULbl 4 WK B paBHBI €UHUYHOM, a I0-
ToMy U T paBHa €IMHUYHON MaTpuue. B aToM ciydae nme-
€T MECTO 00paTHMOCTb.

Ecimu cpena HeomHOpOHA, a AJIMHBI HEKOJUIMHEAPHBIX
BEKTOPOB 2 U b OTIMYHBI OT HYJS, TO NPUBEJCHHOE BHIILIE
yCIIOBHE 0OpaTUMOCTH HE BBINOIHSETCA, T. €. POLece pac-
MIPOCTPAHEHHsSI B 3TOM CITydae HeOOpaTHM.

OTBeTHM Ha BOIIPOC O MPOCTPAHCTBEHHOM PACIIOJIOXKE-
HUM Nap HAYAJIBHBIX U KOHEYHBIX TOYEK, A KOTOPBIX BBI-
TIOJHSIOTCS  YCTIOBUSL OOpaTUMOCTH WIJIM HEOOPaTHMOCTH.
Jns HOpoCTOTBI OrpaHMYMMCS CIy4aeM CHMMETPHYHOIO
PacCIoNIOXKEeHNs] HCTOYHHMKA OTHOCUTENBHO Iuened. B atom
cryqae N; = N, = N. CraisipHOE NPOW3BEICHNE HAIpPaB-
JSIOIINX BEKTOPOB B COOTBETCTBUH C (34) BBIpaxkaercs B

dopme
(nhna) =
_ sthcos(M2 —Ml)—cthsin(N+M1)sin(N+M2) (35)
Jeh?Lcos? (N + M)~ 1yfch® Loos? (N + M, ) -1

pu L # 0 (35) ycnosue o6patumoctu (nyn,)° = 1 npu-
BOJAT K M, — M, = wk, k= 0,1... . OHO coBHagacT ¢ TeMu
YCIIOBHSMH, KOTOpBIC OTBEYAIOT MaKCUMyMaM HWHTepde-
PCHIIMOHHOW KapTWHBI 3a 3KpaHoM [14, 15], mus mpyrux
TOYEK 3a SKpAaHOM OHO He BbinoyHsercs. [loatomy mpu
CUMMETPUYHOM PACHOJIOKEHUM UCTOYHHKA OTHOCUTEIBHO
TOYCUHBIX IIEJICH MPOIecC PacpoCTpaHSHHUs 00paTHM IS
Te€X KOHEYHBIX TOYEK 33 KPAHOM C JIBYMS LIEJISAMH Ha rpa-
HULE pa3zena ABYX Cpel, KOTOPhIE PacloiOKEHbl Ha THU-
mepOOIONAaXx BpAIICHHUS, VIOBIETBOPSIOIINX YCIOBHIO
M, — M, = nk, k= 0,1... , 111 BceX OCTaIbHBIX TOYEK PO-
IIECC PACIIPOCTPAHECHHUS HEOOPpATHM.

Ecnu nponecc, npoucxomsiuii B 3aMKHYTOH CHUCTEME,
HEoOpaTHM, TO 3TO OOCTOSATEIBCTBO JIOJDKHO CKa3aThCs Ha
HaOmomaeMbIx. [IpencTaBiseT WHTEpeC HAUTH (QYHKITHO-

HaJI, CBSI3aHHBIN C TIOCIICAHUMH U OTPaXKAIOIINI HeoOpaTu-
MOCTb SBOJIFOI[UU CUCTEMBI.

Ilycts mpouecc t; = t, = 4 H€O6paTI/IM, T. €. YCIOBHE
(27) He BHIMIONHACTCS, 2 HEKOMMyTaTUBHBIC TIPOTIAraTopsl A
n B npunamnexar rpynmne SU(1,1) xak B paccMOTpeHHOM
BBIIIE IPUMEPE C ABYMsI ILIETSIMU Ha TPAHULIE pa3zena ABYX
cpen. IlpennonoxuM, 4TO 3BOMIOLMS CUCTEMBI NPECTaB-
nsieT co0oi MOBTOpSOIINIiCS Tporece ¢, — t, — t. Ecim
mporecc ¢, —> ¢, KOTOPOMY COOTBETCTBYET Ipeodpa3oBa-
HUE MCXOAHOI0 CIIMHOpa C MOMOIUIbI0 MaTpull 4 u B, Tpe-
6yeT BpeMeHUu At = t, — t;, TO B Ipoliecce t; —> t, —> ¢ Bpe-
Ms yABaMBAETCs, a 1 — KpPaTHOE €ro MOBTOPEHHE TpeOyeT
BpeMeHH 2nAt. [ToaToMy B IOBTOPSIOIIEMCS 72 pa3 Mporiec-
€€ C COOTBETCTBYIOLIEH BPEMEHHOM MPOTSHKEHHOCTBIO JUTH-
HBI BEKTOPOB a U b B kKommo3utu 7, conepixanieit Heodpa-
TUMOCTb, YBEITMUMBAIOTCS B 271 pas, TIPHU 3TOM BEKTOPHI N, U
n, HC MCHSIOTCS.

Takum 00pa3oM, HEOOPATHIMOCTH SBOJIOLUN CHCTEMBI
JIOJDKHA B JIJAHHOM CIIy4ae MpPOSIBUTHCA KaK 3aBHCUMOCTb
HaOJFOTaeMBIX OT YHUCIIa TIOBTOPECHUH 71 .

B npouecce 3BoMIOIMU MaTpuULiad IIOTHOCTH YHUCTBIX CO-
CTOSIHHI, OTBEYAIOMIAs TMPEOOPa30BAHMUIO CIIMHOpA C TIOMO-
mpl0 MaTpuiel 1 W comepkammas HeoOpaTHMOCTh, WMEET
€IMHCTBEHHOE HEHYJIEBOE, IOJOKUTEIBHO OIPEACICHHOE

Jo =00 =0T TO. HUccre-
JIyeM €ro 3aBUCHUMOCTh OT 4YHCJa MOBTOPEHUN MpoLecca
t1 — t, — 1) BKIIIo4as n — 00, OrpaHUYHMBIINCE YCIIOBHSIMHU

COOCTBEHHOE 3HAYEHHUE

(TrA)/2 >1, (TrB)/ 2>1, mpu KOTOPBIX JJIUHBI BEKTOPOB
a 1 b nelCTBUTENBHBL.

B cuiny HexoMMyTaTUBHOCTH MaTtpull 4 U B BenuuuHa
nyn, # =1, a mHa Bektopa t B (32) nonoxurensHa. [locue
n-KpaTHOT O IMOBTOPEHUS MpoLuecca ¢, —> ¢, — ¢; BEIPAKEHHE
JUISl JUTMHBI BEKTOPA t COTJIACHO M3JI0’KEHHOMY BBIIIIE MPH-
obperaeT BUJ

_ 1=(nyn, )’ th2nb- th2na
thf = . (36)

1-
1-(nyn, )th2nb - th2na

Boruncisist 7T, , YMHOXKasl €ro cjeBa U CIpaBa Ha lOMEY
@, COOTBETCTBEHHO, MOIYYHM BBIpAXKCHHE UL j, IOCIE
N-KpaTHOT O MOBTOPEHUS Ipoliecca

Jo =
2 . . . .
t ~ t t ~ 1], —t ~
e 1028 27 gy 42 D000 7 gy W "B g2y (37)
t t t

1-th*f ’

B KOTOPOM j; SIBJISIFOTCSI HAaOMIOJaeMBIMU B €r0 Hayaje U B
KOTOPOM YYTEHO, YTO OTHOILICHUS /¢ HE 3aBUCAT OT 1. YU-
TEHO Tarke To, uTo Ha rpyme SU(1,1) a;, a, — nelicrBu-
TEeNbHbIC, a a3 — MHUMas [14, 15], mostomy B (37) Tperbs
KOMITOHEHTa BeKTOopa t BBIpa)KEHa B BUJE if3 C JCHCTBU-
TEJIBHBIM /3.

jo =o'

B nmavane nponecca, korga n =0, j, coBmagaer c j, > 0.

Benumuuna MOJIOKUTCIIBHO  ONpECICHA.

3HamMeHaTenb BeIpaXeHus (37) MOIOKUTENEH, a YUCINTENb
HOJIOKUTENIEH U OTPAHHUYEH, TO3TOMY C POCTOM { BEJHYH-
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Ha jo Bo3pacraer. U3 Beipaxenus (36) OUEBHIHO, YTO {
IIPU 11 —> 00 OTPAHUYEHO, TOITOMY ITPU IBOJIIOLUU CHCTEMBI
TOJNIOXKUTENbHAs HAGTIONAeMast j, BO3PACTAET M OTPAHH-
YeHa CBEpXy. JTO TO3BOJISET CUMTATh, YTO COOCTBEHHOE
3HAYEHME MATPHIIb! IUIOTHOCTH YHCTBIX COCTOSIHUH j, MO-

KET CIIY)KUTh MEPOH HEOOPATUMOCTH MPH IBOJTIOLMH 3aMK-
HYTOU CUCTEMBL.

Paccmorpum Bomnpoc reomerprdeckn. C pocToM 4Hcia
MOBTOPEHUH TIIpoIiecca BO3pACTAlOT JUIMHBI CTOPOH Tpe-
yroibHUKa JIo6aueBcKoro, 7 MOBTOPEHHSIM TIpoliecca COOT-
BETCTBYET TpeyronbHuk OA,B, (cM. puUCYHOK, ). C pocToM
n ero yrioBod aedekT W IUIOMmEAnb Bo3pacTaloT. llpu
CTpEeMJICHHH 4HMCJIa TOBTOPEHHH K OECKOHEYHOCTH 3TOT
TPEYroJbHUK TepeXomutT B OA.B, ¢ HYJIEBBIMH YIIIaMH
npH OECKOHEYHO YIAJCHHBIX BEPIIMHAX Ay U Ay, €0 INI0-
IAb ONPEICNACTCS TONBKO YIJIOM MEXIY BEKTOPaMH a H
b, oHa KOHEUHa, a TOTOMY KOHedeH U QYHKIIHOHAT J, .

PaccmoTpuM Taroke OOHO W3 (DU3UYCCKUX CIICJICTBHIA
OIMMCAaHHOTO MOAX0a. Haubompyo pacmpocTpaHeHHOCTh
U B CBS3U C 3TUM OONBIION (DU3WYECKUN WHTEpeC TMpel-
CTaBJISIOT CHCTEMEBI CO CITa0BIM B3amMmoeiicTBueM. [Ipoma-
raTopbl Ui IPOLECCOB, MPOUCXOSIINX B TAKUX CUCTEMAX,
[IOYTH TMArOHANbHBI, © KOMMYTaTOpbl MaTpull A U B gatoT
MaJIbll BKJIaJ B 3BOMIONMIO. Takum mpomaratopam 4 u B
COOTBETCTBYIOT BEKTOPHI a ¥ b ¢ HeOGombpmmumM yriaom C
MEXAYy HUMH, TIO3TOMY OrpPaHHUYUMCS  YCIOBHEM
n,n, =cos C > thh- tha.

CpaBHUM 3BOJIONMIO JBYX TaKHX CHCTEM, OTJIMYAlO-
MXCS BKJIAJOM B Hee B3aummMopeWctBui. [lyctb mepBoit
CHCTEME B IIpOLIECCE /1 —> [, —> [; COOTBETCTBYET TPEYIOJIb-
nuk JlobaueBckoro OB14, (CM. pUCYHOK, 6), a BTOPOH, s
KOTOpOHM BKJIAJ B3aUMOJCHCTBHI OoJble Ha HEOOJBIIYIO
BEJINYMHY, COOTBETCTBYET TpeyroisHuk OB;D;, nX yrisl B
BepmmmHe O ommmyatores Ha AC = D — C > 0. CoryacHo
(32) B ykazaHHOW BbIIIE OOJACTH YIJIOB IUIOMIAh Tpe-
yronsHuKa OB D; 6onbine miomany tpeyronsauka OB 4.

ITpu 3BOMIOLMM CHCTEM, T. €. IPH 71 —> 00, TPEYTONBHU-
kam OB A, u OB, D, 0TBeUaloT, COOTBETCTBEHHO, MPEICIb-
HBIC TpeyroMbHUKN OB,A,, n OB,D, ¢ 0ecKOHeUHO yaa-
JEHHBIMH BepmMHamMu B, A4, D.. Ilokaxkem, 4ro mpu
YBEIMYCHUH BKJIQJa B3aMMOJCHCTBUH, T. €. IPU yBeJIUYe-
HuK yria C IUioniaap MPeaenbHOr0 TPEYroMbHUKA YMEHb-
II1aeTCs.

M3Mmenenne mionaagy paBHO Pa3sHOCTH INIOMIAAEH Tpe-
yronpHUKOB OB.D, u OB.A.. Ilnomans obmero Ttpe-
yroneauka OB.P, He IaeT BKiaja B H3MEHEHHE, TI03TOMY
HOCNIEJHEE PAaBHO PA3HOCTH IUIOHIAJNEH TPEYrONbHUKOB
OPD, u PA.B.. Ix BepTHKaNbHbIE YIIbI B OOLIECH BEpIIH-
He P paBHBI, Ha PUCYHKE, 6 OHH 0003HaYeHHI O.. Tpeyroins-
HUK OPD,, IMeeT OJIMH PaBHBII HYJIO yroi B BepmHe D,
a TpeyronbHUK PA.B, — 1Ba paBHBIX HYIIO yriaa B A, U
B, TO3TOMY HX IUIOMIA/IH, COTTACHO BBIPAXKEHHIO TLTOMIAIN
TpeyronpHuKa JloGaueBckoro [25] (cMm. cHocky k Ilpmimo-
JKEHHI0), UMEIOT BUA S = 1 — AC—a u S; = T — o, COOT-
BETCTBEHHO. [109TOMY M3MEHEHHE MIOMAAN NIPH yBEIUYE-
Hun yriaa C paBHO AS = S, — S = -AC <0, 1. e. miomans
YMEHBIIAETCS.

[TockonbKy, ¢ OJHOW CTOPOHBI, IPH YBEINYEHUN BKIAA
B3aMMOZCHCTBUI IuIomans Tpeyronsauka OB1A4; Bo3pacTa-

€T, a C JIpyroil CTOPOHBI — IUIOMAAb MPEAEITbHOrO Tpe-
YTOJNbHUKA yOBIBAET, TO B CHIY aUITUTUBHOCTH ILIONIAJCH
JUISL ZIOCTYDKEHMS TuIonany Tpeyroinbauka OA,B, (cM. pu-
CYHOK, 0) BEIWYMHBI, ONM3KOH K INpeaenbHON, Tpedyercs
MEHbLIEEe YUCII0 NOBTOPEHUM Mpouecca t; — ¢, — t1, 1 Ha-
000pOT.

Takum 00pa3oM, B3aUMOJCUCTBHUS YCKOPSIOT IPOIECC
JOCTIDKEHHS TpeleNbHbIX BennunH (yHKIuoHana (37).
Kpatkoe msnoxenune paboTsl conepxutcs B [28].

Asmopul 6nazodaprul C. T. Bensesy,
0. JI. Knumonmosuuy, I'. A. Komenvnuxogy,
B. C. Jlucuye, B. U. Manvko u JI. A. lllenenuny
3a 6BHUMAHUeE K pabome, ee 00CYIHCOeHUS U 3AMEUAHUSL.
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Reversibility of equations is the necessary but not sufficient condition of reversible evolution.
Irreversibility is the consequence of noncommutativity. Requirements to discrete symmetries lead to
the composition of alternative noncommutative propagators containing irreversibility. Coexistence
of reversible and irreversible processes in isolated systems with interactions described by only
reversible equations is possible. Geometric interpretation and the functional describing a measure of
irreversibility are found.
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